Notes on Hadamard Conjugation

$0 Introduction

Still to be written

$1 Analytic Preliminaries:

Some Locally Invertible Polynomial Maps

1.0 Notational conventions

For any set C', we will denote the R-vectorspace freely generated by the
elements in the set C' by R[C] so that we can consider C' as being a subset
of R[C] and, actually, comprising the canonical basis of that space. We also
denote by O¢ the zero vector in R[C].

For any vector p in R[C] and any element ¢ € C, we will denote by p(c) the
coefficient of the basis element ¢ in the canonical expansion

p=> plc)e (1)
ceC

of p relative to that natural basis C' of R[C]!, and its trace .. p(c) by

LClearly, associating to each p € R[C] the map C—R : ¢ — p(c) defines the well known
canonical isomorphism from R[C] onto the R-vectorspace R() of all maps p from C' into R
whose support {c € C : p(c) # 0} is finite — and it also allows us, by the way, to identify
the subset {p € R[C]: p(c) > 0 for all c € C'and ) .. p(c) = 1} of R[C] with the set of
all probability distributions of finite support that can be defined on C.



tr(p) (note that even if C'is infinite, only finitely many terms in this sum are
distinct from 0, so it is always well defined).

In particular, the number ¢/(c) is defined for any two elements ¢, € C
provided we consider ¢ as a member of the canonical basis C' of, and ¢’ as
just a vector in R[C], and this number coincides, of course, with the value of
the Kronecker symbol d. . for the two elements ¢, ¢’ in C.

Next, we define the affine subspace R[C|p] of R[C] for any p € R by

R[C[p] :={p € R[C] : tr(p) = p} (2)
and note

(i) that this affine subspace is a linear subspace of R[C] if and only if p = 0
holds in which case we have 1 + dim R[C|0] = dim R[C] = #C,

(ii) that R[C|0] can be identified, in a canonical fashion, with the tangent
space T, . (p) of any point p in R[C|p], for any p € R,

R[Cp]

(iii) that the canonical embedding of C' into R[C] actually maps C' into —
and, thus, identifies C' with — a subset of R[C|1],

(iv) and that, for every ¢y € C, the subset C'— ¢y :={c—co:c € C—{cp}}
of R[C0] forms a basis of R[C|0].

Furthermore, given a finite family C := (C.).cr of sets C, (e € E), parame-
trized by a finite index set F, we denote by

HC = HCe (3)

eck

the cartesian product of the sets in that family C, by
R[C] = @eEER[Ce] (4)

the direct sum of the family (R[C¢])ccr of the vectorspaces R[C,] associated
with the sets in C, and by

R[C|p] := {Decrp® € PecrR[C.] : p© € R[C,|p] for all e € E} (5)

the cartesian product of the subsets R[C,|p] C R[C,] over all e € E, conside-
red as a subset of the direct sum R[C] = ®.cgR[C,].
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And we note that, given any subset C’ of C', we may consider the associated
monomial map

6 Yo R[C]—=R:p— H p(c) (6)

ceC’

which, by definition, coincides with the product, [, ¥4y of the ‘linear’
maps y-y. Obviously, its partial derivative %—f(p) relative to the directi-
on given by a basis element ¢ € C at any point p € R[C] coincides with
[Toecr_oyp(¢) in case ¢ € C" and vanishes otherwise in view of

Mper B OVygery "
7 o) = ; o (p)c//ey{d}p(C) (7)

- Z 50’,0 H p(cﬂ)

dec’  creC’—{c'}
[T ») ifcec,
= {eci—{c}
0 else .

Remark Note that all of this, except the discussion regarding the partial
derivatives of specific monomial maps, works as well if R is replaced by any
field — or even by any commutative ring R once we avoid calling the resulting
spaces ‘vectorspaces’ in case R is not a field, but just (free) R-modules, though
we may and will still call any element in such a space or, as well, in a direct
sum of such spaces, a ‘point’.

1.1 The Basic Set Up

In this paper, we always will consider

e a finite family A := (A.)ccp of finite sets A, (e € F), parametrized by
a finite index set F,

e the cartesian product

I14=1]]A (8)

eck
of the sets in that family A,



e the direct sum

R[A] := ®cceR[A.] 9)
of the vectorspaces R[A,], e € E, associated with the sets A, in the
family A,

e a map
cp:HAﬁA:a:(ae)e»—wp(a) (10)

from that cartesian product into another finite set A,

e and the associated polynomial map
" : RIAJ-R[A] : p—p™p (11)

of the direct sum R[.A] into the R-vectorspace R[A] that maps any point
p = ®.p° € R[A] = ®.cpR[A.] onto the point

opi= Y [ P(a)e((ac).) € RIA] (12)

(ae)EEH.A &

(see the Appendix for a simple, explictly worked-out example) — where
we make use of our convention to consider the elements a = go((ae)e)
in A as points in R[A]). Equivalently, we may define ¢®p, for any point
p = @cp° € R[A], by

13 ¢"pi= > plae@=> ( > p@)e (13

ac[], Ae a€A acp~1(a)

where p(a) is defined, for every p = ®.p° € R[A] and a = (a.). € [[ A,
by

14 p(a) =[] r(a) (14)

1.2 A First Simple Product Formula

Note that the trace

tr(p"p) == > (¢"p)(a)

acA



of the p®-image ©*p of any point p = @.p° in R[A] always coincides with
the product (over all e € E) of the traces

tr(p) == > plac)
ac€Ae
of the components p¢ (e € F) of p: Indeed, we have

IT =) = T1(> »(a)) (15)

e ae€EAe

= Y ¢ = uFp)

(ac)e€]]A e
for all p = @.p° € R[A].
In particular,
(i) ¢® induces — by restriction — a polynomial map ©®! from the space
RIA[1] ={@ep®: p° € R[A|1] for all e € E} C R[A] (16)
into the affine subspace R[A|1] of the vectorspace R[A]:

"1 RIA[1]—R[A[]1] : p — P, (17)

(ii) and it maps any point p = ®.p° € R[A|1] for which each component p*
represents, for every e € F, in fact a probability distribution defined on
A, onto a point p*p € R[A|1] that represents a probability distribution
defined on A.

1.3  Possible Relevance of such Maps

Such maps seem to be of some interest in quite a number of distinct situations,
their images as well as their local behaviour. They may describe global signals
©®p elecited by a system S whose ‘global’ states P are determined by a family
p = (p°). of ‘local’ states p© of certain subsystems S, (e ranging in some index
set F) by some not necessarily linear interaction of those subsystems.

More specifically, we may assume that, in a probabilistic set up that will be
pursued in particular in the phylogenetic applications of Hadamard conjuga-
tion discussed above / to be detailed below (cf. also [?]), that
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e there is a family A = (A¢)cer of sets A, of ‘pure’ states for the subsy-
stems S, (e € E),

o aset Aof ‘pure’ states for S,

e the ‘actual’ states of the subsystems S, are given, for each e € FE, by
probability distributions p° defined on A.,

e and the subsystems S, (e € E) conspire — in a way described by a map
¢ : [TA— A — to give rise to a pure state ¢((ac).) of S when, for
each e € F, the subsystem &, is in a pure state a., i.e,. their interaction
give rise to the given map ¢ : [[ A—A.

The ‘actual’ state of S can then be described by a probability distribution P
defined on A which is — assuming independence of the events in the various
subsystems S, — defined exactly by the image ¢©®p of the resulting point
p := @®.p° in R[A|1] relative to the map ©* : R[A|1]>R[A|1] defined in 1.1.

1.4 More Notational Conventions

1.4.1 Let us note first that the canonical embeddings A.—R[A.|1] (e € E)
induce a canonical embedding of the product set [[.A into the set R[.A|1]
given by

[[A-RIA1] : a = (ac). — Beac € RIAL] € [ R[A] (18)

ecE

that we will use to identify each element a = (a.). € [[.A with its canonical
image @.a. in R[A|1] and — correspondingly — the product set [[.A with
the subset {®.a. : (@) € [[ A} of R[A1].

1.4.2

Further, denoting by p® the component p¢ in R[A,.] of any point p = @.p® in
R[A], we have

(i) a® = a, for every a = (a.). € [[ A C R[A|1],
(ii) p(a) =[], p°(a®) for all p in R[A] and a € [] A and, therefore,

(i) ¢*p = acrrall. P?(a) ¢(a) for all p € RIAJ.
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In particular, we have

(iv) a(a’) =[[.a%(@"“) =[], dac,arc = 0aa for all a,a’ € [T A, and

(v) ¢*la=pfa =3 qaa@)p(@) = p(a) for every a in [ A,
1.4.3 Next, given some fixed element a; = (al)® € [], Ac and arbitrary
elements e € F and a, € A,

(vi) we denote by a; <= a, the unique element in ][] A whose e-th component
coincides with a. while every other component coincides with that of
ay, that is, we define a; <= a. by reqiring that

N ay if f #e,
(ay < a,) = {ae il (19)

holds for all f € F,
(vil) we define the subset A (ay) of [].A by

N(a):={ac[[A:#{ecE:a"£a,°} <1} (20)
and its image set under ¢ by A,(ay):
Ag(ar) = p(N(a1)) := {p(a) : a € N(ar)}, (21)
(viii) we note in passing that

#N(ar) = 14> (#A. — 1)

eckE

and
N(a;)={a; < a.:ec E a. € A},

always holds,
(xi) we denote the point a. ® (Drep—(e} 04,) € R[A] by [e, ac|:

[67 ae] =a.D (@fEE*{e} OAf) S R['A]? (22>



(x) we denote the set of all such points by Bu:
By :={le,ac] :e€ E, a, € A}, (23)

and note that this set always forms a ‘canonical’ basis of R[.A] and that

a= Z e, a%] (24)

e

holds for every a € [].A considered as an element of R|.A],
(xi) we note that the set
{a—a;:ac N(ay)—{a1}} = {[e.ac] —[e,al] ;e € E,a. € A, — {al}}
always forms a ‘canonical’ basis of the direct sum
R[A|0] := ®eepR[Ac|0]

that will soon turn up as the tangent space T, (p) (relative to the
space R[A|1]) of any point p in that space.

(xii) and — to avoid repetition later on — we note that, so far, all of these
notational conventions work as well when R is replaced by any com-
mutative ring R with a unit element 1z € R except that the canonical
bases of the various vectorspaces we have been considering then become
bases of the corresponding free R-modules.

1.4.4 These notational conventions imply also that, given any a € [[A

and p € R[A], the partial derivative aﬁ:w;e] (p) of the map

25 ¢ :R[A]=R:p— p(a) (25)

in the direction of the basis vector [e, a.] at some point p in R[A] is given by

2 o) =des ] ) (26)

fEE—{e}

for all e € F and a. € A.: Indeed, identifying R[A] with R[B4] and using the
notation that was introduced in (??) for C':= B4, we have

wa = w{[e,ae}:eEE} (27>
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for all a € [[A; so, (?77?) follows immediately from (77?).

In particular, if p coincides with the point a; = (a!). € [] A, we have

28 8[8:’26]@1) = baa |] al(@)) (28)

feE—{e}

= 6&‘57&@ H 5a1f’af

feE—{e}

e
aj<—af,a

1.5 The Local Behaviour of ©&!!
In this subsection, we will analyse the local behaviour of the map ¢®/! in a
neighbourhood of a point a; = (a}). € [ A considered — according to our

conventions — as a point in R[A|1].

Our first basic result reads:

Theorem 1: The polynomial map
P RIA=R[A[L] : p = ¢Fp

is locally injective (or bijective) at a point a; € [[.A(C R[A|1]) if and only
if the restriction pa, of the map p to the subset N'(ay) is an injective map
into (or, respectively, a bijective map onto) A.

More precisely, given any basis element [e,a] € By, we have

e

Da, 0" ([e,a]) = p(ar < ac) (29)

for the total derivative
Da, " : RIA]-R[A] (30)

of the map ©® at the point a;.

Thus, Da, o™ maps the canonical basis elements [e,a] € B of tangent space
T, (a1) = R[A] of the point a; € R[A] onto the canonical basis elements of
the space R[Ay(a1)] and, thus, the tangent space T, , (a1) = R[A[0] of the
same point ay, considered as a point in R[A|1], onto the space R[A,(ay)|0]

which in turn implies that the following assertions all are equivalent:
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(i) the restriction Da,j0)@™" of Da, @ to this tangent space is an injective
map,

(ii) the induced linear map from this tangent space onto its image R[A,(ay)[0]
15 a bijection,

(ili) we have dim R[A|0] = dim(R[A,(a1)[0]),
(iv) we have #N (a1) = #A,(a1)

(v) the map pa, = N(a1)—Ay(a1) of the set N(ay) onto its image set
Ay(a1) = pa, (N (a1)) is a bijection,

(vi) the map pa, : N(a1)—A is injective.
Proof: Noting that

#"p = Y pla) ¢(a) (31)

ac][A

= Y ta(p) p(a)

ac[] A
holds for all p € R[A] for the maps v, : R[A] >R defined in (??) and that

(Dart)(ev0]) = Gt (52)

holds (by definition of partial and total derivatives and identifying R with
its own tangent space at any point in R) for every continuously differentiable
map v : R[A]—R, we see that

Da®(le;ac) = > (Dayta)(le; acl) ¢(a) (33)
ac[[A
= 8wa a a) = a <ia
= 3 g e ela) = ol 0

holds indeed in view of (?7).

The remaining assertions are obvious in view of the fact that
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(i) any map ¢ : C—C" is injective if and only if it induces a bijection from
C onto its image set ¢(C"),

(i) a surjective map ¢ : C—C" from a finite set onto another finite set is a
bijection if and only if C' and C”" have the same cardinality,

(iii) alinear surjective map ¢ : C—C" from a finite-dimensional R-vectorspace
onto another finite-dimensional R-vectorspace is a bijection if and only
if these two vectorspaces have the same dimension,

(vi) and #N(a;) = 1 + dimR[A|0] and #A,(a;) = 1 + dim(R[A,(a1)[0])
holds (in view of 1.0 (i) and 1.4.3 (viii)).

1.6  Local Inverses of /!

It follows from the results of the previous section that, putting

A= (A= Ay(ar)) U{ag}, (34)
the ‘extension’

F!1: RIAI1] x R[A|0] = R[A[l]: px q— ¢"I'p+q

of the map ©®/! has an invertible Jacobian at a; ® 04/ in case @,, is injective

in which case there must, herefore, exist
(i) a neighbourhood O,, of a; in R[A|1],
(ii) a neighbourhood Oy, of 04 in R[A’|0],
(iii) and a neighbourhood Oy,) of v(ay) in R[A|1]

such that restricting ®XI' to O,, x O . defines a homeomorphism from this
product onto Oy (a,).

In other words, we can choose these three neighbourhoods so that there exist
two maps

M Opa))—0a; CR[A|1] and 15 1 Opay—0o,, € R[A'|0] (35)
such that their product

Th X n? . ng(al)ﬁoal X OOA/ (36>
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is the inverse of the restriction of ®*' to O,, x O, i.e., such that

37 P = O ((m xm)(P)) =0 (m(P) x2(P))  (37)
= P"H((m(P)) +na(P)

holds for all P € O, ), and

pxq = (mxm) (@' (pxq)=mxn)""'p+a) (38
= m@"p+q) xm(E*'p+q))

or, equivalently, 39

R|1 R|1

p=m(p " "'p+q) and q=m(¢ "P+q) (39)

for all p € O,, and q € Oy, .

R|1

In particular, n; is a local left inverse of """ at a;, that is, we have

40  p=n(¢"'p) (40)

for all p € Oy, , allowing us to ‘reconstruct’ the point p from its image p*/'p.

Furthermore, we can use either one, 7; or 79, to describe the set

41 ¢Y(Oa) = {¢"'p:p € Ouy} (41)
in terms of a map F' from O ,,) into some linear space for which

PN (Ony) = {P € Opfay) : F(P) = 0} (42)

holds. Indeed, (?77,39,40) together imply that, given any P € Oga,), the
implications
(1)=(11)=(i17)=(iv)=(v)=>(i)

hold for the following assertions

(i) P =¢®p holds for some p € O,,,
(it)  one has "' (m(P)) = P,

i) one has @®(n(P)) — P = 0y,

iv) one has 7y(P)) = 04/,

(v)  one has P = o (5 (P)).
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Indeed, if P = o®'p holds for some p € O,,, we have ©R(n(P)) =
OB (1 (e®'p)) = RI'p = P and, therefore, of course also @®/!(n;(P))— P
0. In' turn, this implies 12(P)) = ma(e¥1 (11 (P))) = ma(e™(m(P)) + 0.x)
04 which, in turn, implies

P = o ((m(P)) +na(P) = o™ ((m(P))

and, therefore, P = ¢®/'p for some p € O,,.

Note that such maps have been discussed thoroughly in the context of the
theory of phylogenetic invariants initiated by Jim Lake, Steven Evans, and
Terry Speed (cf. [?]).

A related approach can also be used to check whether, given any family
¢; - R[AI1]=R (i=1,...,k) (43)
of continuously differentiable real-valued maps with

¢i(¢"'p) =0 (44)

for all ¢ = 1,...,k and all p in some neighbourhood of a; in R[A|1], the
identity

PN(Oay) ={P € Opay) : 4:i(P) =0 foralli =1,...,k} (45)

holds for some neighbourhood O,, of a; in R[A|1]: Indeed, this exactly the
case — even if @,, is not injective — if and only if the dimension of the
subspace of the cotangent space of R[A|1] at the point a; € R[A|1] that is
generated by the gradients of the maps ¢; (i = 1,...,k), coincides with the
codimension #(A— A, (a1)) = #(A—p(N(ay))) of the space R[A,(a;)[0] in
R[A]0].

Note finally that the standard proof of the Inverse Function Theorem is suf-
ficiently ‘constructive’ to provide explicit descriptions of appropriate neigh-
bourhoods O,,, Oy ,,, and Oy(a,) for which ®*!' provides a diffeomorphism
between Oa, X Op,,, and Oy,), and to compute arbitrarily good approxi-
mations of 7, (P) and n,(P) for every explicitly specified point P € Oya,)-

Moreover, one could as well use the fact that ®®I' is a polynomial to com-
pute recursively the coefficients of the power-series expansion of its inverse
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in an appropriate neighbourhood of ¢(a;) and hope that this power series
converges fast enough so that its first terms provide a sufficiently good ap-
proximation of the inverse map in that neighbourhood.

Yet, as we will see below, the co-called Hadamard conjugation introduced in
[?] allows us to construct — for appropriately specified maps ¢ : [[A—A —
a purely algebraic expression (in terms of sums of roots of products of sums,
but nothing worse) for a local left inverse

HC : Op(ay)—~R[A|1] (46)

of ¢RI that is defined on some appropriately specified neighbourhood Oy(ay)

of p(ay) in R[A[1], i.e., a map HC : Oya,)—R[A|1] such that
HC(¢"'p) =p (47)

holds for all points p in some neighbourhood of a; in R[A|1] (also to be
specified appropriately) .
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$ 2 Algebraic Preliminaries:
Some Useful Identities

2.0 Some Simplifying Identifications

Continuing with the notations introduced above, we consider as before a
finite family A = (A¢)eer of finite sets together with a specified element
a; € [[A and a map ¢ from their product [ .4 into a finite set A. Further,
we will assume that the associated map ¢a, : N (a;)—A is injective, and we
will use this map to identify, for every e € E, each element a. € A, with the
image ¢(a; « a,) € A of the associated element a; « a, € [[.A — this
way identifying the set A, with the corresponding subset of A and the subset
A, (ay) with the union | J,.p Ae of these subsets of A. Further, denoting the
element ¢(a;) € A (for reasons that will become obvious later on) by 14, we
see that 14 € A, holds for all e € £ and A.N Ay = {14} for any two distinct
elements e, f € E. We will also write A* for A — {14} and A} for A, — {14},
(e € E) so that #A* = #A — 1 holds for all e € F' and A7 N A} = () for any

two distinct elements e, f € E.

In other words, we will now assume that we are given

e a finite set A together with a specified element 14 € A,

e a family A := (A¢)eer of subsets A, of A, parametrized by a finite
index set F of cardinality at least 2, with 14 € A, for all e € E and

48 ANA; =10 (48)
for any two distinct elements e, f € E,

e and a map

P : HA—>A ca=(a.). — p(a) (49)
from [T A =[], g Ae into A such that, with

— this element replacing from now on and in all subsequent discussions
the element a; considered in the previous section — we have

51 o(1y4 & ae) = Qe (51)

for every element e € E and a, € A..
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Note that (??) and (?7?) together imply that the induced map

01, N (14)—AL(L UA (52)

ecE

is necessarily bijective — the inverse being given by mapping, for each e € E,
any element a, € A, onto the element 14 < a. € (N;,) C [].A. So, we can
apply the results obtained in the previous section and see that there must
exist a neighbourhood Oy1 ) of 14 in R[A|1] and a map 7; : Oy ) —R[A[1]
such that ¢®'(p) € Oy, and 71 (¢®(p) = p holds for all points p in some
sufficiently small neighbourhood of 1 4 in R[A|1].

2.1 Replacing R by an Arbitrary Commutative Ring R

To stress the algebraic nature of the arguments that are to follow now, we
assume that we are given a commutative ring R whose group of units we
denote by R". As before, we denote the components p¢ € R[A.] of a point
p = ©p° € R[A] (= @ R[A.]) by p¢, and we recall that the elements p®(a.) =
p(a.) are defined, for any such point p € R[A] and all a. € A., to be the
coefficients p°(a.) € R of the canonical basis elements a. € R[A.] of the free
R-module R[A.] in the canonical expansion

p°= Y plac)ac (53)

ac€Ae

of p®. We also recall that the term p(a) is defined, for any p € R[A] and
every element a € [[ A, by

= r ), (54)
that the point pf*p € R[A] is defined, for any p € R[A], by

ppi= > p@e@=> ( Y p@)a (55)

ac[]A a€A  acp~(a)
or, equivalently, by requiring that
#"pla)= Y pla) (56)
a€p~!(a)

holds for all a € A, and that pf'p € R[A]1] holds for any point p € R[A|1].
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We want to find means to compute explicitly and without recourse to any
asymptotic methods — at least for appropriately specified maps ¢ : [[ A—A
and all points p in an appropriately specified (and, hopefully, not too small)
subset of R[A|1] — the ‘input’ components p® € R[A.|1] (¢ € E) of p from
its ‘output signal’ f'p € R[A|1].

2.2  R-Valued Pairings
To this end, recall first that, given any two finite sets C' and D and a pairing
(elo) : C'x D — R: (c,d) — (c|d) (57)

of C'and D with values in R, ‘bilinear extension’ yields, for any two points
¢c € R[C] and any qp € R[D], the element

(aclap) = Y ac(e)(cld)an(d) € R. (58)

ceC,deD

In particular, one can form the term

(qeld) = " qele)(cld) € R (59)
ceC
for every point go € R[C] and every element d € D, and the term
(clap) = _{cld)ap(d) € R (60)

deD

for every ¢p € R[D] and ¢ € C.

Note that this is just another way of taking account of the basic fact that
any R-valued C' x D-matrix (which is just ‘the same’ as a pairing of C' and D
with values in R) can be used to define an R-bilinear map from R[C] x R[D]
into R as well as R-linear maps

R[C]—=D" : {qclo) : D—R : d +— {qc|d)

and
R[D]—C" : (e|qp) : C—=R : c+— {c|qp).
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2.3  The Pairing We’ll Need

We will now proceed as follows: We will assume that we are given another
finite set B and a pairing

(e]o) : Ax B— R: (a,b) — (alb) (61)
of A and B with values in R allowing us to form the terms
(P|b) == P(a)(alb) (b€ B) (62)
acA
for any point P € R[A]. Restricting the given pairing, for every e € E, to a
pairing
(olelo) : A, x B — R : (ae,b) — (ac|elb) := (a.|b) (63)
of A, and B, we can also form the terms

(p°lelb) = D pf(ac)(acle|b) (64)

ac€Ae

for any point p¢ € R[A.].

2.4  The Induced Equivalence Relations ~, on B

Next, we observe that the pairings (e|e|o) : A, x B — R allow us also to
define, for each e € E, an equivalence relation ~, on B by defining two
elements by, by € B to be ~-equivalent if and only if (a. |e| b1) = (a. |e]| b2)
holds for all a. € A.:

by ~e by < (acle|by) = (ac|e| bs) for all a. € A.. (65)

We denote the corresponding set of ~.-equivalence classes by B/e and the
~c-equivalence class of an element b € B by e(b).

Note that (ple|b) = (p°le[bz) holds for any e € E, any point p® € R[A],
and any two ~-equivalent elements by, by € B allowing us to define (p®|e|b)

for any e € E, b € B/e, and p° : A,.—R by
(p°lele(b)) = (p°[e]b) (66)

for every b € B so that, given any subset B’ of B, one has

65)  J] @ lelvy = ] °lelp)#=™ (67)

VeB’ beB/e
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for every e € E.

2.5 Three Crucial Results
We now define a subset O4 = O(gjaje|o)) of R[A|1] by

Ox = {PeR[A]1]:(P|b) € R” for all b € B} (68)

and, for each e € E, a similarly defined subset O4, = O(gja.|(o|e|o)) Of R[Ac|1]
by

O4 = {p° € R[AJ1]: (p°le|b) € R™ for all b € B}. (69)

€

Further, we put
OA = O(R\A|<o|o>) = {p < R[.AH] : pe € OAe for all e € E}

The three crucial observations that will enable us to construct, under appro-
priate conditions still to be specified, a local inverse of the map

@' RIA[L—RIA[1] : p — ¢"p (70)
then read as follows:

Lemma 1: If

73 (p(a)b) = [ [(a‘lelb) (71)
eck
holds for every a € [[ A and b € B, then we have
(e™p b) = [ [(p°lelb) (72)
ecE

for all p € R[A] and b € B and, therefore, also
peOse ¢'pey (73)

for all p € R[A].
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Proof: Indeed, (??) implies that

Hp||b HZ (ae){ac|e|b)

ecl ecFE ac€Ae

=2 @i

ac[]A e€kE

=2 ) [Een

ac[[A eckE eck

= Y p(a) {p()h)

ac[[A

= (> ela)p(a)|b) = (¢"pb)

ac[]A
holds for all p € R[A] and b € B, as claimed.
Lemma 2: If there exists some element 1g in B with
(84) (a|llg) =1 for all a € A, (74)

one has
(p°lefb) = (p°le[lp) =1 (75)
foralle € E, b€ e(lp), and p € R[A|1].

Proof: This is obvious.

Lemma 3: If
76 #(e(br) N f(b)) = #(e(b2) N f(D)) (76)
holds for any two distinct elements e, f € E, and all by,bs,b € B, then we
have
77y II @'lrioy =TT @'Irio) (77)
bee(br) bee(bz)

for any two distinct elements e, f € E, all p € R[Ay|, and all by, by € B.
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Proof: Indeed, putting B, := e(b1) and By = e(ba), (??7) implies that
#(B1Nb) = #(ByNb) holds for all f € E—{e} and b € B/f which in turn

— in view (?7) — implies that

I1 @1m = T[@1rm = T ¢ Irm#ee

bee(by) beB1 beB/f
= | R DiaERES | KAVIDEN | RVAVD;
beB/f be B2 bee(b2)

holds indeed, as claimed, for any two distinct elements e, f € E and all
pf € R[Af] and bl,bz € B.

2.5.1 Note that (??) together with our assumption #F > 2 implies also
that, choosing some f € F — {e} for every e € F, we have

fe(br) = Y #(e(b) ND) = Y #(e(bs) ND) = #e(bs)  (78)
beB/f beB/f

for all by,b, € B and e € FE, i.e., all ~.-equivalence classes have the same
cardinality, henceforth denoted by |e|, for every fixed e € E. Consequently

el #(B/e) = #B (79)
holds for all b € B and e € E, and

#ON10) = o = b7 )

for any two distinct elements e, f € E and for all b,b’ € B.

Of course, this is not just by chance reminiscent of the situation one encoun-
ters when one considers two subgroups U, V' of a finite group G with UV = G
and the associated two equivalence relations ~y and ~y whose equivalence
classes are the left cosets of U and V' in G, respectively.

2.6 A Fundamental Identity

Together, these observations imply
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Theorem 2: Assume that the three assertions (77), (??), and (?7?) hold for

the given pairing (e|o) : A x B—R and consider the map
HC® : O4—(R")F*B
that maps any P in O4 onto the map

[y eew (P16)
= /
Hb’ée(lB) <P‘b >

(85)  HC*(P):E x B—R" :(e,b)

Then
p'p e O and HC*(p™'p)(e,b) = (p°le[b)

holds for allp € Oy, e € E, and b € B.

Proof: Indeed, Lemma 1 implies that

[T (e"'p )

b’ ce(b)

[[ (" plt)

vee(lp)

[T (I I11p))

bee(b) feE

I1 (II®/If1p))

bce(lp) fEE
b/H(b)<pf|f|b’>
=1l I e/

TEE yee(in)

[T (p°lelt’) 1 (®/If1¥)

HC® (ng“p) (e,b) =

_ Vee(d) b'ee(b)
I (pelelt) 1 [T (®/If]¥)

bee(lp) fFe b'ce(lp)

holds for all p € O4, e € E, and b € B. In consequence, we have

HC* (0™'p) (e, b) = (p°le|b)!!

as claimed because
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(i) (p°leb)lel € R™ is obviously the value of the numerator of the first
fraction in the term

ILyceq) (P°lelt) [Ty cew P71 F16)
Hb/ee(13)<pe|e|bl> e Hb/ee(13)<pf|f|b’>

by definition of e(b),

(ii) 1 = 1 is that of its denominator by Lemma 2,

(iii) and the numerator and the denominator — all contained in R”, of
course — of each of the remaining factors
Hb/ee(b) (p’|fIV)
[y ey (I1F1V)

(f # e) coincide for each of these factors in view of Lemma 3.

Remark: Note that, by definition,
(87) HC*(P)(e,b) =1 (84)
holds for all P € Oy, e € E, and b € e(1p) because the enumerator and the

denominator in the definition (?7) of HC*(P)(e,b) obviously coincide in this
case.
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$ 3 Constructing an Explicit Local Inverse

3.0

Review of What We Have Achieved so Far

We go on using the notations and the assumptions of the previous sections
and note that, given any p in R[A|, we so far found

(1)

3.1

amap ¥, from R[A] into RP that maps any point P = P, € R[A] onto
the map

Uy(P): B>R:be (Pi[b) = Pi(a){alb)

a€A

and, therefore, any point P in O4 C R[A] onto a map in (R")? (C R?)
— a fact that holds in particular for any point P; € R[A] of the form
P, = pf'p for some point p € O 4 — while the product formula

U1 (") (b) = [ [(p°lelb)

eckE

holds for every p € R[A] and b € B,

and a map W, from (R*)? into (R™)¥*# that maps any P, in (R )5
onto the map

Hyeewy £2(0)

Uy(Py): Ex B—R" :(e,b)
[yee Po(V)

for which

(U2 0 W1) (0" p)) (e, 0) = W2(W1 ("' p)) (e, b) = (p°le|b)"

holds for all p € O (C R[A|1]) and all (e,b) € E x B.

Introducing Two Further Assumptions Lemma 3 This suggests

to go on by assuming that

(i) a family 0% = (0%)yen of maps

0% . R"—R" (85)
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and a family U = (UE)new of (hopefully sufficiently large) subsets UL
of R* containing 15 have been specified such that Lemma 3

89 r=0%r") (86)
holds for every N € N and every r € U and, therefore, in particular
00 0%(1n) = 08 (1Y) = 15 (87)
forall N € N,
(ii) there exists a pairing
[ele|o] : Ae X B : (e, b) — [ac|e|d] (88)

for every e € E such that

(92) ) (allelb) [acle]b] = du.a. (89)

beB

holds for all a., a, € A..

3.2 Two Further Maps V3 and U,

Using these assumptions and conventions, we can now define the map
Uy (R P (RT)PXP (90)

that maps every map P : E x B— R" : (e,b) — Ps(e, b) onto the map
U3(P3): Ex B—R" : (e,b) — 0,,(Ps(e, b)) (91)

so that
W3 (Wo (W1 (¢"'p))) (e, b) = (p°|e|b)

holds for all (e,b) € E'x B and all p in the subset U4 = Ugaje|o)jrry of O
defined by

(97)  Ua:={p € Oa: (p°leb) € Ul for all (e,b) € Ex B}.  (92)

And we can define the map

U, RF*PLR[A] (93)
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that maps every map P, : E x B—R : (e,b) — Pjy(e,b) onto the point
Uy (Py) = @ V4 (Py)¢ € R[A] for which

Uy(Py)(ac) = ) _aclelb]Pi(e,b) (94)

for all e € E and a. € A.. Altogether, given all the assumptions we have
made so far, this leads up to the following “This is the house that Jack
built”-type formula

Wy (W5 (U1 (') (ac) = Y Wa(Wa(Wi(p™'p))) (e, b) acle]t]

beB

, R|1
_ g el

beB Myees e plY)

= > 0 ((p°lelb) ) [acle]t]

. gme\w[aew

_ Z< SEBIERINT
> ;p oL el aclel

_ z Pl) Sl el

_ ;ep«a;)aag,ae:pe(ae) (95)

holding true for all e in F, a. in A, and p in Uj4.

3.3 Which elements in R¥*? are mapped into R[A[l] by ¥,?

Our results above imply in particular that W4(P,) € R[A|1] must hold for
all elements Py, € RE*P that are of the form Py = W3(Uy (¥, (pfp))) for

some point p € R[A|1] suggesting to check for which other elements P, in
RE*B this might hold.
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To this end, we first recall that Wy(FP2)(e, b) = 1 holds, according to (?7), for
all P, € (R*)® and for every pair (e,b) € Ex B with b € e(15) which, in view
of (?7), implies that also W3(Wy(P;))(e,b) = 1 must hold for all P, € (R")?
and every pair (e,b) € E x B as above.

Thus,
S wE)a) = > (Y laclelblPie.b)) (96)
ac€A. ac€A. bEB
= > (D lacle|b]) Pu(e, b)
= el > laclelp]+ Y (D lacle|b]) Pale, b)
ac€Ae beB—e(lp) ae€Ae

will coincide with 1 for all e € E provided Py(e,b) = 1 holds for every pair
(e,b) € E x B with b € e(15) and we have

1 Lifbee(lp),
(102) > laclelt] = @5e<b>,e<13> = { | (97)

och, 0 else .

So, if we want to be sure that U4(P,) € R[A|1] holds for all Py € RF*B with
Py(e,b) =1 for all (e,b) € E x B with b € e(1p), we may just require that
(??) holds for all e € E. However, we may also note first that we can always
replace, for every e € E, the pairing [e|e|o] by the pairing

1
[e|le]lo] : Ac x B—R : (a.,b) — B > laclelv)] (98)
¢ b’ €e(b)
without interfering with its required properties, i.e., we may assume that
lac|elbi] = [ac|e|bs] holds, for all e € E and a, € A, for any two ~.-equivalent

elements by, by € B, in which case simple standard matrix calculations show
that

1
(104) > laclelbi)(aclelbs) = @%(bl),e(bg) (99)
ae€Ae

must hold for all e € F and by,by € B in case #A. = #B/e — or, equi-
valently, |e|#A. = #B — and the identities (??) hold for all e € E which,
putting by := b and by := 1p, readily implies (?7).

27



3.4 The Main Result
Altogether, this establishes the following fundamental identity:
Theorem 3: Continuing with our notations and assumptions, we have

HC(£M'p) = p (100)
for every p € Uy for the map

HC : O4—R[A] (101)
that maps every point P € O, onto the point

HO(P) := Uy (V5 (W2 (V1(P)))). (102)

Moreover, HC' maps O4 into R[A|1] whenever (??) holds for all e € E.

3.5 The Case R:=R

Note that, for R := R, one can always choose 0% (r) to be the positive N-th
root of the absolute value |r| of r, for any » € R™, and U} to be the set
R<o of positive real numbers implying that, with this choice of the family
UR = (UX)nen, one has (108)

Uy = u(R\.A\(o|o>|UR) = {p € R[A‘l] : <pe|€‘b> > (0 forall b e B}, (103)

a set that contains in particular all p € R[A|1] for which (104)

Ip— 14l = max( ) [p(ac) — (1a)(ac)| : e € E) (104)
acE€AY
= max( ) [p°(a)|: e € E)

is smaller than the inverse of
max (1 + |(e[o)]) := max (1 + [{a|b)| : (a,b) € A* x B) (105)

in case we have
99 (14]b) =1 for all b e B (106)
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as this implies that 107

1= felt)) = | D plac) = D plac){aclelb)l

ae€Ae ae€Ae
= | > pac)(1 — (aclelb))]
ac€AY
< [lp — Laf max (1 + [(e[0)]) <1 (107)

holds for all e € ¥ and b € B.

Note that this implies in particular that p € U4 holds in case one has #A, =
2 and |{(acle|b)| < 1 foralle € F,a, € A, and b € B for every p € R[A|1] for
which |p®(a.)| < 3 holds, for all e € E, for the unique element a, in A, that
is distinct from 14 (cf. [?] for more specific instances where this condition
shows up).

3.6 The Case R:=C

For R := C, things are not that simple. One could, after writing any r € C”
in polar coordinates as r = |r|e® with, say, —m < a < , put

«9}%(7‘) = |T\I/Ne%i (108)

for every r € C” so that, at least, 05 (r)Y = r holds actually for all »r € C*,
and then define U by

s v
— — L. 1
<a<N} (109)

Uff = {peai 1 p € Ry, N

However, forgetting about maps 0% that satisfy the identity 6% (r)Y = r
which is anyway not needed — and isn’t even true in case R = R — a slight-
ly different approach will work for any complex Banach algebra:

3.7 The Case of Complex Banach Algebras

Let R be any complex Banach algebra R with Banach norm || ... || and a unit
element 1 = 1 so that C can be viewed as a subalgebra of R. Noting that

o . o i
the standard power series > = and — @ for the exponential map
i=0 i=1

29



and the logarithm converge for all r € R, or for all » € R with ||1 —r|| < 1,
respectively, one may put

exp(r) == » = (110)
=0
for every r € R and
— (L—7)
1 = — 111
-3 (1)
for every r € R with |1 — r|| < 1 and define 6% by, say,
exp (xlogr) if |1 —r| <1,
On(r) = N 112
v {1 if |1—r||>1 (112)
and UE by
1
R o - -
Ug={reR:|1-r|< 1+N1n2} (113)

as Condition (??7) will then indeed be satisfied for all » € UE (see the Ap-
pendix).

Note that Us = U(gjj(e|oyjury coincides, with these definitions of the family
UR = (UE)nen, with the set (118)

{p € R[A] : ||1r — (p°|e|b) foralle € F and b € B} (114)

<
1+ |e| In2
and contains therefore, in case (?7) holds, all p € R[A|1] for which

Ip = Lall = max( ) [[p*(ac) = (La)(ac)]| : ¢ € E) (115)

ac €AY

is smaller than the inverse of

(14 max(le| : e € E)In2) max(1+ ||(e|o)]]) (116)
in case (?7) holds as this (cf. (??)) implies that
1
1gr — (P°lelb) || < -1 1 —_—
1= (el < 1p = Ll s (1-+ (o)) < s

holds for all e € ¥ and b € B.
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$ 4 Finite Abelian Groups
4.0 The Basic Set Up

In this section, we want to show that the above machinery can be applied, in
particular, whenever R is any complex Banach algebra (with a unit element
1 that allows us to consider the field C as a subring of R), A is a finite
abelian group with unit element 14, the subsets A, (e € E) are distinct non-
overlapping subgroups of A (i.e., they are subgroups such that A.NA; = {14}
or, equivalenty, A7 N A} = () holds for any two distinct elements e, f € E),
and the map ¢ : [[L A—A is given by group multiplication, i.e., one has

p(a) =[] a°

ecE

for all a € [ A.

In addition, it can also be applied — and provides even slightly better results
regarding the size of the neighbourhood where ¢! can be inverted — in case
A is a finite elementary abelian 2-group (and the A, are as above) and R
is the field R of real numbers which includes, by the way, the particularly
important instance where A is an elementary 2-group, E is any subset of A*
(including in particular the case E := A*), and A, is the subgroup of order
2 consisting of just the element e and the unit element 1 4.

This is, of course, no great surprise because the assumptions we introduced
above where exactly modeled so as to apply in this specific case.

4.1 Verification of the Axioms

Indeed, if A, A, and ¢ are as specified in 4.0,

e one chooses, of course, B to be the dual group
Hom(A,C*) = Hom(A,{z € C: |z]| = 1}) (117)
of the group A and the pairing (e|o) : A x B— C to be the canonical

pairing
(e]o) : A x B—C: (a,b) — (alb) :=b(a), (118)
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e one notes that
(allp) = (1a]b) = [[{alb)[| = 1 (119)
holds for all a € A and b € B, and

(p(a)lt) = ([T aclt) = [ [ (aclelb) (120)

eck eeE

holds for all a € [[A and b € B,
e one recalls that

— B, :=¢(1p) is a subgroup of B of order |e|, and the factor group
B/ B, is canonically isomorphic to the dual group Hom(A,., C*) of
the subgroup A, of A,

— the equivalence classes e(b) are exactly the cosets of that subgroup
in B and one has #A = #B = |e| #(B/e) = |e| #A, forall e € E,
— our assumption that A, N Ay = {14} holds for any two distinct

elements e, f € E implies that B.By = B holds for any two such
elements e, f in £ ? and that, therefore,

#(e(b) N f(V)) = (B : B. N By)

must hold for any two distinct elements e, f € E and all b,b’ € B
because, writing b='¥ in the form b1 = b;b," with b, € B, and
by € By, we have

e(b)Nf(') = (bB.)N (V' By) = (bb1B.)N (V'beBy) = (bby)(B.N By),

— that

> (ailelb) [aclelb] = bu a, (121)

beB

holds for all a.,al, € A, for the pairing

[e|efo] : Ae X B : (ae,b) — [acle|b] := L {a_t|eb) (122)
#B

*Indeed, given any b € Hom(A4, C*), one can always extend the restriction of b to A to
a homomorphism of A. Ay that maps any element in A, onto 1 and this homomorphism
in turn to a homomorphism b; € Hom(A4, C*) which then must be an element of B, while
by 1= bflb maps any element in A onto 1 and must, thus, be an element of By allowing
us to write b in the form b = b1by with b; € B, and by € By.
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because 37, 5 (acle[b) 5 (a.'|e|b) = 75 Y4 p (Laleb) = 1holds
for all a. € Ag, and one has

Z<||b>#3<‘||b # > lalagelb) =0

beB beB

for all a.,a., € A, with a := ala_! in A? in view of the fact that
> vep (alelb) = (ale|by) >, (ale|b) holds for all by € B and that
there exists, for every a € A*, some by € B with (a|by) # 1,

— and that ]

> laclelbi](aclelbz) = e[ delonetea)

ac€Ae

must hold (cf. 3.4) for every e € E in view of #A, = #B/e which
identity, however, follows also directly from the fact that, arguing
just as above,

> laclelb) = #Acbew) e1)

ae€Ae

holds for all b € B and, therefore,

> laclelba](aclelbs) = ) (0 elbr) daclelen)

aeeAe GeeAe #B
1
= ) = {aclelbr") (acle|by)
4B
ae€A,e
= 3 2 Ceeloi )
ac€Ae
nyy 1
= #35 >—@5e<b1>,e(bz>-

4.2 Consequences in Case R is a Complex Banach Algebra

Consequently, if R is any complex Banach algebra and we are given a point

p € R[A|1] with ||1 — (p®le|b)|| < Wlunz for all b € B and e € E, we have

p = Uy(Us(Py(V, (SDRHP))))
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and therefore (127)

bee(b Pl
p°(a.) = Zele(]%, (i ))<<P||b?>)[ae|e|b] (123)

beB

for all e € E and a, € A,, for the map P := ¢'p. That is, the map
HC: OA = O(R|A|<.|O>)—>R[A|1] P — \114(\113(\D2(\I/1(P)))) (124)

provides a local left inverse of the map ™' : R[A|1]—R[A|1] in the neigh-
bourhood U4 of the ‘origin’ 14 of R[A|1] that consists (cf. (??7)) of all p in
R[A|1] with [|[1 — (p®le|b)| < Wllln? for all e € F and b € B and hence
contains, in particular, all p € R[A|1] with ||[p — 14| < m for all
ec k.

So, this works in particular for R := C, the field of complex numbers itself
that, by definition, contains all character values (a|b), for all characters b € B,
of the elements a € A.

Note also that, by restriction, HC also provides a local left inverse HC'|,
defined on Oyajeloy) C O(raleloys Of the restriction Rl : R[A|1]—R[A[1]
of fi' to R[A|1] € R[A|1] for which HC(©®'p) = p holds for all p in

O(rjAl(eo)) With [[1 — (p©le|b)|| < m foralle € F and b € B.

However, this restriction to R (that provides a local left inverse of ¢®/') can

apparently not be defined properly without recourse to the complex number

field C unless (a|b) € R holds for all a € A and b € B, i.e., unless A is an
elementary abelian 2-group.

4.3 Consequences in Case A is a Finite Elementary Abelian 2-
Group and R is the Field R of Real Numbers

However, in the particular case where A is a finite elementary abelian 2-
group, the character values (a|b) are either +1 or —1 for all @ € A and
b € B, so we have (p°le|b) € R for all p € R[A|1], and (P|b) € R for all
P € R[A]|1], for every b € B. Consequently, we may apply the results of the
previous sections for R := R and, thus, find maps

\1’1 . R[A]HRB, \112 : (RX )B (C RB)_)(RX)EXB’

\1[3 : (]RX)EXBH (RX)EXB7 \1[4 : <RX)E><B_> R[.AH],
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defined by
Uy(P): BoR:b— Y P(a){alt) (P €R[A]),

acA
[Lyee Po(t) x
Uy(Py) : E x B—R : (e,b) — (P, € (R7)P),
w Myeca, B() 7
WU3(Ps) : E x BoR: (e,b) — |Ps(e, b)Yl (Py € (R™)P),
and
Uy(Py) =@ > (D [aclelb]Pae,b))a.  (Py (RT)*P)
ac€A. bEB
such that
HC(£M'p) = p

holds for the composition
HC = \1’4 o} \I/3 o} \IIQ 9] \I’l : O(R|A|<.|O>)HR[.A|1]

of these maps for all p in the neighbourhood Us = U 4j(e|e)u?) Of 14 in
R[A|1] defined by

Uy = {p S O(R|A|<.|o>) : <pe|6|b> > ( for all (e,b) € b x B}.

Note also that in case F is a subset of A* and A, = {14, e} holds for every
e € I/, we have

(p°lelb) = p°(1a)(1ale]b) + p(e){ele]b) =1 —p®(e)(1 — (ee]b))
for all p € R[A|1] and b € B and, therefore,
min((p°le|b) : b € B) =1 — 2p°(e)
which implies that (p¢|e|b) > 0 holds for all b € B for some p € R[A|1] if and
only if one has p?(e) < 3 for all e € E (cf. also 3.5). Le., the neighbourhood
Ux = U aj(olov®) of 14 in R[A|1] coincides with the set (129)
1
Uy ={p € R[A|1] : p°(e) < 3 for all e € E} (125)

in this particularly important special case.

4.4 Extending ¢ in Case A is a Finite Elementary Abelian 2-Group

Furthermore, we can always extend our setup as follows: We can replace
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e F by the enlarged set E' := FU (A — UeepAe),

e the family A = (A.)cep by its “extension” A’ = (Ay)eecp defined
by Ao = A in case ¢ = e € E, and by Ay = {14,€¢'} in case
el € A— UeeEAea

e and the map ¢ by its “extension” ¢’ : [[ A'— A also defined by taking,
for each element a’ € []A’, the product [, (a’)¢ of its components
(a)¢ (¢ € E') as its image under ¢'.

This allows us to construct a local left inverse
HC': O4—R[A'1].

of ¢ that “extends” HC' in such a way that a map P € R[A[1] is contained
in the image (O 4) of O4 relative to the map ¢® if and only if

P =" (HC'(P))
holds and the components HC'(P)¢ € R[Ay|1] of the image HC'(P) of P

in R[A'|1] = @eepR[A|1] coincide, for every € € A — UeepA,, with the
‘origin’ 14 of the space R[A|1].
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$ 5 Hadamard Conjugation
5.0 The Basic Set Up in Phylogenetic Analysis

In phylogenetic analysis, this is applied as follows:

Assume that X is a finite set of cardinality at least 3 (representing a set of
taza that is to be investigated) and that an X-tree T has been given, i.e.,
a (graph-theoretical) tree T'= (V(T'), E(T')) with vertex set V(T') and edge
set E(T) considered as a subset of the set (V(QT)) of all 2-subsets of V(T),
such that

(i) X coincides with its set of leaves and
(ii) the degree degy(v) of any vertex v € V(T') is distinct from 2.
Recall that

e F(T) is (as any connected graph) uniquely determined by the induced
metric

dTZVTXVT—>N0 = {0,1,2,}

defined on the vertex set Vp of T' by associating, to any two vertices
u,v € Vp, the number dr(u,v) of edges e € E on the (unique) shortest
path from u to v in T, i.e., the (necessarily unique!) largest metric d
defined on Vr with d(u,v) = 1 for any two elements u,v € Vr with

{u,v} € E(T),

e one has dr(u,w) € {dr(v,w) + 1} for all u,v,w in Vp with {u,v} €
E(T),

e every edge e = {u,v} € FE(T) induces therefore a unique split (or
bipartition)
Se 1= {Se(u), Se(v)}

of X into the two non-empty disjoint subsets
Se(u) :=={z € X 1 dr(z,u) < dr(xz,v)}

and

Se(v) =4z € X : dp(z,v) < dr(z,u)}
of X,
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e and it is, in view of our assumption that deg;,(v) # 2 holds for eve-
ry vertex v in an X-tree T, uniquely determined by that split S, =
{Se(u), Se(v)} it induces, i.e., one has S, # Sy for any two distinct
edges e, f € E(T).

Now, assume that a (small) positive real number p. has been specified for
each edge e € E(T') that represents the probability that, in a 2-state model of
evolution, the states of the two (generally ancestral) taxa represented by the
two nodes of e are distinct (presupposing, of course, that to talk about such
a probability makes any sense — yet, if it doesn’t, Hadamard conjugation
might actually find out!). For every split of X i.e., for every unordered pair
{Y, Z} of disjoint subsets Y, Z of X with Y U Z = X (including the ‘trivial’
pair { X, 0}), this allows us to define the resulting probability P({Y, Z}) that,
relative to that model, all the taxa in Y are in the same state, and all taxa
in Z in the other.

Given these split probabilities P({Y, Z}) for all splits {Y, Z} of X, the pro-
blem that is solved by Hadamard conjugation is

(i) to decide which splits {Y, Z} of X are ‘T-splits’, i.e., are contained in
the set S(T") :=={S.: e € E(T)}, and

(ii) to compute the probabilities p. for the edges e of T' corresponding to
those splits.

5.1 Relations with the Concepts Discussed in Section 1

This, however, is easily recognized to be just a particular instance of the type
of problem discussed in the previous sections: Indeed, to apply the machinery
introduced in Section 1, we can proceed as follows:

(i) We may define A = A(X) to be the set of all splits of X.

(i) We may define the distinguished element 1,4.x) in A(X), also denoted
by 1x, to be the trivial split {X, (}.

(iii) We may define, for each e € E(T), the set A, to be the subset {1y, S}
of A(X) consisting of the trivial split 1x = {X,0} and the split S,
thus obtaining a family A = Az := (A¢)ecr(r) of sets with A7 = {S.}
.z;ynd77é };ence, ArN A =0 for all e, f € E(T) with e # f and, hence,

e f-
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(iv) We may define the map ¢ = o7 : [[ Ar—A(X) by associating, to any
element a in [[. Az, the split ¢r(a) of X that results from restricting
to X the split {U, W} of V(T') that one obtains by putting all vertices
that are connected by an edge e € E(T') with a® = 1x into the same
‘split half” (U or W) and those that are connected by an edge e € E(T)
with a¢ = S, into distinct ‘split halfs’, a procedure that clearly defines
a well-defined split of V' (T") and hence, by restriction, one of X (see Fig.
1 [Text for Fig. 1: Assume that, regarding the X-tree depicted above,
one forms the element a := (a.)e € [[ Az by defining a. := 1x if the
edge e is an unbroken line, and a, := S, if e is a dotted line. Then, the
associated split of V(T separates the ‘black’ vertices from the ‘white’
ones, and the split induced by restricting this split to X = {1,2,...,9}
is the split {{1,3,5,9},{2,4,6,7,8}}]).

(v) And we may define probability distributions p® on the various sets
A, = {1)(,56}, e c E(T), by

p°(Se) :=pe and p°(lx) :=1—p,
and identify those with the corresponding points

p° = (1 —=pe)lx + peSe € R[A|1].

5.2 Verification of Axioms

To show that the objects defined in this way satisfy indeed the requirements
needed for applying our machinery, note first that, for any element a € [[ Ar,
the split ¢r(a) is the unique split of X that separates two element z,y in X
if and only if there exists an odd number of splits that separate x and y in
the set

S(a):={a°:e€ E(T)}. (126)

In particular, ¢ maps the distinguished element 14, := ®.1x in [[ Az onto

the trivial split 1x, and it maps, for every e € E, the element 1 4, < (S,) in
N7 := N (14,) onto the split S, induced by e.

Thus, the map from N7 into A(X) induced by @7 is injective in view of
the fact (mentioned already in 5.1 (iii)) that any edge e in an X-tree T is
uniquely determined by the split S, it induces.
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Let us now return, for any X-split {Y, Z}, to the probability P({Y, Z}) of
observing — relative to the 2-state model of evolution assumed above — the
states of all taxa in Y to be distinct from the states of all taxa in Z. As
above, we assume that, for any edge e € FE(T), we are given a probability
distribution p® : A.—R that is defined on the set A, = {lx,S.} whose
elements represent the two ‘local’ events ‘coincidence’ and ‘no coincidence’
of the states of the two taxa represented by the two nodes of e, and we
identify p® with the corresponding point

P° = (1 = pe)lx + peSe € R[A|1].

Assuming independence of the local events ‘coincidence’ and ‘no coincidence’
at the various edges e of T', we first note that the family (p®). of probability
distributions — or, equivalently, the associated point p := @.p° € R[Ar|1]
— induces a probability distribution

H.ATHR aHp Hp

that is defined on the product set [ [ Ar representing the ‘total state space’ of
our system comprising all possible events of ‘coincidence’ or ‘no coincidence’
at all the edges of T. Referring to this probability distribution on [ Ar, we
clearly have

Pv.z)= >  pa= Y  ][re) (127)
)] acpr'({v.2}) ¢
for the probability P({Y, Z}) of ‘observing’ the split {Y, Z} of X.

In other words, with these choices of the set A = A(X), the element 1x
in A(X), the family Ay = Ar = (Ac)ecr(r) of subsets (Ac)ecp(r), the map
or : [[Ar—A(X), and the point p = ®.p°® € R[Ar|1], the identity

PUY.ZY) =r Y. [Ip‘)=er'p{Y,2})

acpr'({v,2}) ¢

implies that the point

P:=> P(a)acR[Al].

a€A
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corresponding to the induced probability distribution P on A = A(X), and
also denoted by P, coincides with the image gpﬂj{iup of the point p € R[A7|1]
relative to the map

or"  RlAz[1]—R[A]1]

induced by the map ¢r.

Thus, the results of Section 1 imply that, given a probability distribution
P defined on the set A = A(X) of all splits of X that is sufficiently close
to the ‘origin’ 1x of R[Ax]|1], one can — at least approximatively — decide
whether P is induced by a family (p®)eem(r) of probability distributions for
the local events ‘coincidence’ and ‘no coincidence’ at the various edges e of
the given X-tree T

5.3 Extending ¢ for Checking the Appropriateness of the Model
and Determing the Underlying Tree if Any

Moreover (and much more importantly), one does not even need to know
the X-tree T for doing this:

(i) Put B(X) := A(X)* = A(X) — {1x} and Ag := {5, 1x} C A(X) for
every S € E(X), thus obtaining a family Ax = (Ag)sepx) of subsets
of A= A(X) with 1x € Ag for all S € F(X) and A;N A% = for any
two distinct splits S, 5" € E(X).

(ii) Define, for every non-trivial X-split S, a probability distribution p® on
the set Ag = {1x,S} by putting p° := p° in case S is the X-split S,
associated to an edge e € E(T), and by p° := 1x (considered as an
element of R[Ag|1]) if no such edge exists.

(iii) Define px : [[ Ax—A(X) by letting ¢ x (a) denote, for any element a =
(as)s € [] Ax, the unique split in A(X) that separates two elements
x,y in X if and only if there exists an odd number of splits that separate
z and y in the set S(a) :={a®: S € F(X)}.

Clearly, ¢ x can be viewed as an extension of ¢ relative to the canonical
embedding [[ Ar— ] Ax defined by associating, to each a in [ Ar,
the element (ag)s € [[Ax for which ag is distinct from 1 if and only
if S is of the form S, for some edge e € E(T) with a® = S..
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It is obvious that the map ¢y induces an injective map from N (14, ) into
A(X) because, given any single split S, the unique split in A(X) that separa-
tes two elements z,y in X if and only if there exists an odd number of splits
that separate x and y in the l-element set {S}, is nothing but the split S
itself.

Thus, we can invert numerically, in a neighbourhood of the origin, the resul-
ting map (px)®!. Consequently, given a probability distribution P defined
on A(X) (and considered as an element of R[A(X)|1]) that has been derived
from (i) an X-tree T and (ii) probabilities p. of change along the edges e
of T in the way described above, computing its pre-image will result in a
family (p%)sep(x) of points p¥ € R[Ag|1] for which the value p®(S) will be
distinct from 0 for some S € A(X) (if and) only if S is of the form S = S,
for some edge e of T' (with a positive probability p. of change). Thus, we can
recognize the splits that are associated with the relevant edges of the X-tree
T from the probability distribution P in this case which, according to one of
the most basic facts of phylogenetic combinatorics, is perfectly sufficient for
recognizing 71"

However, using the results of the previous three sections, one can do much
better:

5.4 Making Use of the Group Structure of the Set of Splits

5.4.1 Note first that the set A(X) can be identified with the factor group
of the elementary abelian 2-group {41} consisting of all maps from X into
the group {1} modulo its subgroup {o,,0_} of order 2 consisting of the
two constant maps oy and o_ from X into {£1}, defined by o (z) := 1
and o_(z) := —1 for all x € X. Indeed, a canonical one-to-one correspon-
dence between {£1}* /{o,,0_} and A(X) can be defined by associating to
any coset {oo,,00_} € {*1}*/{o,,0_} of a map ¢ € {£1}* the split

{o7'(+1), 07 (=D}

5.4.2 Correspondingly, we can — and will — view the set A(X) as an
elementary abelian 2-group whose multiplication is defined, for any two splits

42



{3/17 Zl}? {}/27 Z2} in A(X)a by

{K7ZI}A{Y27Z2} = {5/’1&}/’273/1AZ2}
(= {Z DY 2 A Z)

= {(1AY5, Z1 AYs}
= VA7 A ZY)

where, for any two subsets Y; and Y, of X, Y7 A Y5 denotes — as usual —
their symmetric difference (Y} —Y2)U (Y2 —Y1). In a more symmetric fashion,
one can also define the A-product of any two splits {Y1, Z1}, {Y2, Z2} € A(X)
by

(Y1, 21} AA{Ys, 2o} ={(YiNY2) U(Z1 N Z2), (YiN Z2) U(Z1 N Ya)}

Note that the trivial split {X, 0}, already denoted by 1x, is apparently the
neutral element in A(X) relative to this canonical multiplication, and that
Ag is a subgroup of A(X) of order 2 for every S € E(X).

5.4.3 Furthermore, continuing with the notations introduced above, it is
straight forward to verify that, given any element

aEHAXI H {S,1x},

SEE(X)

its image ¢x(a) as described in 5.3 (iii) coincides with the A-product over
its components a® (S € E(X)). This follows, for instance, quite easily by in-
duction on the cardinality of the set S(a) = {a® : S € F(X)} or, maybe even
easier and more directly, by computing the A-product of any pre-images of
the splits in this set in the group {£1}¥, representing — to make computa-
tions particularly simple — the trivial split by the element o .

5.4.4 Thus, denoting the dual group of A(X) by B(X) and not introducing
any new notation for their canonical pairing nor, for any S € E(X), for the
induced pairings

(e|S|o) : Ag x B(X)—C(C R)
and

[¢]Sle] : As X B(X)—C(C R)
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nor for the induced equivalence relations ~g on B(X), and noting that the
order of A(X) as well as that of B(X) coincides with the number

N(X) :=2#%t
while the order |S| = #B(X)s = #5(1p(x)) of the subgroup
B(X)s=S(lpx)) ={be B(X):b~glpx)} ={be B(X):b(5) =1}

of B(X) coincides with 2#X~2 = YY) for 2]l § € E(X), we can apply the
results of the previous three sections as follows:

First, note that (i) (p®]S|b) = p®(1x) + (S|b)p°(S) = 1+ ((S]b) — 1)p®(S)
holds for all S € E(X) and b € B(X) and that, consequently, O 4, coincides
with the set

{p € R[Ax|1] : p¥(S) # % for all (S,b) € E(X) x B(X) with b(S) = —1},

and that (ii) (px)E'p € O4(x) holds for all elements p in the subset O 4(x) =
O(rja(x)|(eloy) Oof R[A(X)[1] defined by

Oax) = {P €R[AX)[1]: > P(S)(S[b) # 0 for all b € B(X)}.

SEA(X)
And then, define maps
HCX : OA(X)—JR[.A)(H] P — HCX(P)

according to the formulae in Section 4.3 so that HCx (P)%(ag) is defined for
every P € Oux), S € E(X), and ag € Ag by

[Tyese (PIV)
HCx(P 0450150500 —)[as|S|0], (128)
°5)= 2 Cesoaoe) (0 )

that is, by (129)

Z On(x) /2 Ly NSb<P‘b/> ) b(S) (129)

HCOx(P)S( ,
. ( bEB (X) Hb’NslB(X)< |b>
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and

Hb ~ b<P|b,>
HCx(P)%(1x On(x)/2 > ; (130)
Z(X Vel P

(which — repeating the argument from 3.3 — implies that

HCx(P)*(S) + HCx(P)*(1x)
(Pl
- % B(X)GN(X)/Z(HI;[jsli)(LD |>b’>)<b(s>+1)
2 [y (PIV)
- NX) eB(X)seN(X /Q(Hb’Nsle)( |b,>)
2
ERC -

always holds) and conclude that — in view of our previous results — the
identity
HCx ((x)"'p) = p

must hold for all elements p in the subset U4, of O 4, that — taking into
account that #Ag = 2 holds for all S € F(X) — coincides with the set

{p € R[Ax|1] : p5(S) < % for all § € E(X)}.

5.4.5  Of course, the most important aspect of this procedure is (as in-
dicated already above, see [?] for details and a thorough discussion) that it
allows us, given a ‘phylogenetic signal’ P in terms of a probability distribu-
tion defined on the set A(X), to check whether or not there exists an X-tree
T such that, except for some ‘noise’, the signal P could have been ‘induced’
by that tree and, if so, to reconstruct this tree from this signal.

Indeed, all one needs to do is to check whether P is contained in the subset
Oax) of R[A(X)|1] defined above and, if so, whether

(i) all negative numbers of the form HCx(P)%(S), S € E(X), are ‘negli-
gibly small’ (in case there exist any such negtive numbers at all),
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(ii) and the splits S € E(X) for which HCx(P)%(S) is positive and not
negligibly small form a collection of splits of the form {S. : e € E(X)}
for some X-tree T'= (V(T), E(T)).
Recall also that the latter is well known to be the case if and only if any two
such splits S1 = {Y71, Z1}, So = {Y2, Zo} are compatible, i.e., if and only if one
of the four intersections Y} NYs, Y1 N 2y, Z1 N Ys, Z1 N Zy is empty; so, this
condition is easily checked.

5.4.6 Remarkably, there is a rather explicit way to describe the dual group
B(X) of A(X) that is used extensively in [?] and can lead to some further
insights when dealing with proper biological data (cf. [?]). Recall first that
the elements in the dual group Hom ({1}, {£1}) of the group {£1}* can
be identified with the subsets Y of X by associating, to each subset Y, the
homomorphism

7 L = (£} oo v (0) = [[ o).

yey

Note also that, in view of

(olmvi)olm) = [T o) T o(se) (131)

y1€Y1 y2€Y2
= ] W
y€Y1AY2

= (olmiav) (V1,2 C X, 0 € {£1}7),

the product of any two subsets Y7, Y5 of X relative to the group structure
resulting from identifying P(X) with the dual group Hom ({&1}%, {#1}) of
{41}, is given by their symmetric difference Y; A Y. 3

Further, it follows from these facts that the dual group Hom (A(X), {£1})
of A(X) can be identified with that subgroup of P(X) that consists of all
subsets Y of X for which

r(o) = [[o-(w) = (~)* =1

yey

3This is, of course, well in accordance with the group structure defined on the set A(X)
of splits of X in 5.4.1 allowing us to identify A(X) also with the factor group of P(X)
(considered, as above, as a group relative to the symmetric difference) relative to its 2-
element subgroup {X, 0} whose cosets { X AY,0AY} = {X —Y,Y} are, of course, nothing
but the splits of X
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holds and, hence, with the subset Peyen(X) of P(X) consisting of all subsets
of X of even cardinality.

However, using the abstract approach outlined above, this explicit descripti-
on of the dual group B(X) of A(X) will not be needed here. All one needs
to know is the fact — detailed in any standard textbook on algebra — that
there exists a dual group for any finite abelian group A and that the canoni-
cal pairing of A with its dual has all the properties that were required above.
Note also that in case A is an elementary abelian 2-group, standard linar
algebra (applied to A considered as finite-dimensional vectorspace over the
field Fy of cardinality 2) is sufficient to supply all the results from duality
theory of finite groups one needs in the given context.

5.5 Multistate Characters

5.5.1 As was demonstrated in [?], Hadamard conjugation can also be used
to analyse more complex models of sequence evolution, like e.g. Kimura’s 3-
parameter model. To present this application within the framework developed
so far, we continue to consider a finite set X and the set A(X) of its splits,
together with the subset E(X) = A(X) — {1x} of A(X) consisting of all
non-trivial splits of X. However, we replace the group {£1}* of maps from
X into the 2-element group {#1} by the group M* of maps from X into an
arbitrary (yet fixed) finite group M (with unit element 1;;) of order #M,
and apply the machinery developed in Section 4 to the factor group A(X|M)
of this group modulo the subgroup C'(X|M) of M consisting of all constant
maps from X into M.

For every non-trivial split S = {Y, Z} € E(X), we define A(S|M) to be the
factor group of the subgroup Mg of M* consisting of all maps from X into
M that are constant on Y and constant on Z, modulo the group C(X|M) of
constant maps from X into M introduced above that is obviously contained
in M.

Further, we consider this factor group — in the natural way — as a sub-
group of A(X|M) and thus identify, for every S € E(X), the unit element
Lacximy = C(X|M)/C(X|M) of A(X|M) with that of A(S|M). Note that,
with A(S|M)* := A(S|M) — {1ax|am)}, one has A(S|M)*NA(S'|M)* = {0}
for any two distinct splits S, S of S.

Note also that, for each split S = {Y,Z} € FE(X), there are two natu-
ral isomorphisms 7y and 77 from A(S|M) onto M, one mapping each co-
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set oC(X|M) € A(S|M) onto the (well-defined!) element 7y (cC(X|M)) :=
o(y)o(z)~! (ye Y,z € Z) in M, and the other mapping cC(X|M) onto the
inverse 77(cC(X|M)) := o(z)o(y)~"! of this element.

5.5.2 We may now consider the
e the finite abelian group A(X|M) of order

Nug(X) i= #M#X
with its unit element 14(x|ns),

e the family A(xjn) := (A(S|M))scr(x) of subgroups of A(X|M), each
of order #M, and

e the map ¢y : [[Axp—A(X|M) defined by associating, as before,
to any element a in [ .A(x|a) the product (in A(X|M)) over all of its
components a® € A(S|M) < A(X|M)*.

As above, the fact that A(S|M)* N A(S"|M)* = 0 holds for any two distinct
splits S, S’ of X, implies that this map induces, as required, an injective map

from NV(1a.y,,,) € [T Ax|ar) into A(X|M).

In consequence, denoting the dual group of A(X|M) by B(X|M) and, as abo-
ve, not introducing any new notation for their canonical pairing nor, for any
S in E(X), for the induced pairings (e|S|o) : A(S|M) x B(X|M)—C (C R)
and [e|S|o] : A(S|M) x B(X|M)— C(C R) or the induced equivalence rela-
tions ~g on B(X|M), and noting that the order #B(X|M)g = #S(1px|m))
of the subgroup

B(X|M)s = S(1px|amy) = {b € B(X|M) :b~g lpxm)}

of B(X|M) coincides with #M#X=2 = N;Z—](\f) for all S € F(X), we can
apply the results of the previous sections to construct, for any commutative
complex Banach algebra R, a left local inverse of the polynomial map

ar t RlAx 1= RIAX, M)[1]

induced by @y at the ‘origin’ 14 ., of R[A(xan|1] as follows:

4Here, we follow the convention of writing U < G rather than U C G in case G is a
group and U is a subset of G that forms a subgroup of G.
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First, one recalls that the subset O(x|a) = Orjacx|m)|(slo)y) of RIA(X|M)|1]
is defined by

Oaximn = {P € RIAX|M)|1]: > P(S)(S|b) € R” for all b € B(X|M)}

SEA(X|M)
and that (¢x)®'p € O4xar) holds for all elements p in

Ouxn = {P € RlAx 1] : (p%[S|b) € R” for all (S,b) € E(X)xB(X|M)}.

And then, one defines maps
HCx(ny  Oagxinn—RIAx|an 1]+ P = HCx i (P)

according to the formulae in Section 4.3 so that HC'x ) (P)*(as) is defined,
for every P € Oxxmy, S € E(X|M), and ag € A(S|M), by

[Tyes (PIV)

HC(X\M)<P>S(GS> = Z 9#5(13()(\1\4))(1—[ <P|b’>)[aS|S|b]
beB( X|M beS(Ipx|m))
[Ty (PIV) _
= D Oy () (a5 SIb)
M beB (X|M) #M Hb’NslB(XW)< | >

and conclude that — in view of our previous results — the identity

HCxan ((pexnn)™'p) = p

must hold for all elements p in the subset I/ A( siany OF Oa iy, that consists of
all p € R[A(x|an|1] for which (p|S|b) € UNM xy/4ar Dolds for all S € E(X)
and b € B(X|M).

5.5.3 In the context of a Kimura-type multistate model, this is applied as
follows. First, we assume that we are given a set K on which the group M
acts freely and transitively, i.e., for which a map

MxK—K:(mk)—mk

is defined such that 1,k = k and (mm/') k = m (m'k) holds for all k£ € K
and m,m’ € M, and there exists, for any two elements k, k' € K, a unique
element m = m(k, k') € M with m(k, k") k =K'
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Next, we observe that this allows us to associate, to any map x : X —K,
a unique element a,, € A(X|M) that is defined as follows: One chooses an
arbitrary, yet fixed element xy € X, associates to any further element x € X
the element m(k(zg), k(x)), thus defining a map

Oyt X—=M : x — m(k(x0), k(2)),

and then notes that the coset o,,Cx|a) in A(X|M) defined by o, does only
depend on k, but not on the element xy € X. So, we can denote it by a.,
this way defining a canonical map k — a, from K% into A(X|M).

Consequently, given a family (k;)i=1.. . of n such maps (or, equivalently,
an X-indexed family s of K-valued sequences (s;).cx of lenght n), we can
associate to it an element P, in R[A(x|as)|1] that associates, to every element
a € A(X|M), the number of elements ¢ € {1,...,n} with a = a,,, divided
by n.

Let us now assume that those sequences evolved along a phylogenetic X-
tree T from some primeordial sequence associated with the root of that tree
according to a Kimura-type multistate model. That is, let us assume that,
for each edge e = {u, v} in that tree, a probability distribution p¢ defined on
A(S|M) can be specified such that, for every coset oC(X|M) € A(S¢|M),
the number p¢(oC'(X|M)) gives the probability of finding the (again generally
ancestral) taxa at v and v in states k, and k, (k,, k, € K), respectively, such
that o(y)(k,) = o(x)k, holds for some (and, hence, for all) z € S.(u) and
y € Se(v)°.

Assuming further that those probability distributions p¢ are all strongly bia-
sed towards the ‘no change’ option, i.e., that p°(14(x|a)) is always close to
1, we can — in principle — reconstruct that tree (in terms of its splits)
as well as the probability distributions p® for all e € E(T) by (i) obser-
ving that Py € Oa(x|a) must hold in this case and that (ii) the component
HCxm)(Ps)® € R[A(S|M)|1] of the image HC\xu(Ps) of Py, must be very
close to the ‘origin’ 14(x|a) of R[A(S|M)|[1] for every split S = {Y,Z} in
E(X) that is not a T-split and coincide — up to some hopefully negligible
noise — with map p® : A(S.|M)—R in case S = S, for some e € E(T).

®Note that, given the two states ky,k, € K, there is exactly one coset cC(X|M) in
A(S.|M) with o(y)(ky) = o(x)k, for some (or all) x € S.(u) and y € S.(v), viz., the
coset that contains the map o € Mg defined by o(z) := 1p for all z € S.(u) and
a(y) :=m(ky, k) for all y € S.(v).
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Furthermore, as an additional check, we can compute the element

(px) T HCxar) (Py)

to see whether P is actually in the image (ng)R“(OA(XlM)) of the neighbour-
hood O 4y, of the ‘origin’ 14, of the space R[A(san|1] relative to the

map (ng)R‘l.

Discussion

Still to be written !
Points to be discussed:

Generalizations?

(i) Replacing the subgroups A, by arbitrary subsets A, of A — of course,
with A, N Ay = {14} for any two distinct elements e, f € E, in parti-
cular, F := A* and A, := {e,14} for all e € F = A* in case A is not
an elementary abelian 2-group.

(ii) All this for non-abelian groups

Galois-theoretic Aspects?

“In summary, our approach shows that, in case the above conditions all
are fulfilled, one can explicitely compute the maps p® from the map p¥ =
O®(Dep®) at least for families of maps (p¢). whose components p¢ are in the
vicinity of the origin O(A,, 1.) of the space L(A.,1.) for all e € E — just
as expected in view of the more general results of the previous section that
also did not allow us to construct a ‘global’ inverse of the map ¢®, but were
strictly local. And using this excplicit inverse, one can also check whether a
given “signal” P € L(A,1,4) is in the image of a neighbourhood of the origin
of the space L(A) relative to the map ¥.

It would be of interest from the point of view of (computational) algebraic
geometry to classify all cases where a local inverse of the map ¢® can be

51



defined explicitly, e.g. — in the spirit of Galois theory — by taking roots,
only (in additon to sums and products), or to identify at least further cases
where such an inverse can be constructed.”

More precisely, one should consider the ring
Rs:=R[P, :a € A"

of polynomials in the variables P,, a € A*, — or, perhaps a bit better, its
extension

RS := R[P* :a € A%

of polynomials in the variables P,, a € A* and their inverses P, !, a € A*

— and the extension R4 one gets by taking the polynomial ring over R4 or
R in the variables pj, ,e € E,a. € A., modulo the ideal generated by all

terms of the form
Z P, — 1, e€ek,

ae€Ae

and
P,— Y J[#. a4
(ae)e€p-1(a) e
and try to find out when this is — or can be embedded into — a Galois

extension of R4 or R%, and determine the structure of the pertinent Galois
group in this case.

Appendix

A Simple Example

To illustrate the definiton of the map ¢®, consider the following example:
Put A := {0,1,2,3},14x) := 0, B := {1,2,3}, and A, := {0,1} as well as
1, := 0 for every e € F so that

> " A={(0,0,0),(1,0,0)(0,1,0)(0,0,1)}

holds for the resulting family A := (A, 0)ccr of pointed sets. Further, define
the map ¢ : [[, Ac—A by ¢((a.).) := max(ea. : e € E). Then, given any

52



element p = ®.p°® € L(A) := ®.L(A,,0), we may put x, := p(1) for every
e € E (so that p°(0) = 1 — x, must hold) and view the resulting triple
(1,29, x3) as the ‘coordinates’ of the point @.p° in &.L(A.,0) in which
coordinates the map ¢® can be described as mappping this point onto the
sequence of the four polynomials

QOE]R(p) = (1 —21)(1 — 22)(1 — w3),

OF(p) = 21 (1 — 22)(1 — x3),

PR(p) = (1 — 21)aa(1 — a3) + 2125(1 — 3),

@5 (p) = (1 —21)(1 — @) w5 + 21 (1 — wo)as + (1 — 1) @ows + 212273,

Note that the sum of these polynomials is indeed equal to 1, and that the
partial derivatives of all but the first of these polynomials along the three
coordinate axes of &.L(A.,0) at (0,0,0) are

(1,0,0)
(0,1,0)
(0,0,1)

in correspondence with the fact that ¢ induces a bijection between > A4 =
{(0,0,0)k,, kv, (1,0,0)(0,1,0)(0,0,1)} and A.

Logarithms and Exponentials
for Commutative Banach Algebras

A.0 Basic Definitions

We consider a commutative Banach algebra R with a unit element 1. For
every p € Ryg and ry € R, let U, (p) denote the ball of radius p~! around
the point rg, i.e., the set

1
U, (p) = {T ER:|r—ro < ;}

(so that p; < pa = U, (p2) C U, (p1) holds for all ry € R and pq, p2 € Ryg).
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Clearly, the maps ‘exp’ and ‘log’ can be defined as usual — on the domains
R and U (1) of convergence of their standard power-series expansion — by

exp:R—>R:r'—>Z =
7!

=0
and
= (1 —7)
1 U(1)—R:
respectively.

A.1 Estimating || logr| and ||1 — expr|| in terms of |1 — 7| and ||7||

Clearly, these definions imply that

I 1
11— exprf| < = T
L={lrfl =t =1
holds for all » € Uy(1) and
[ 1

[og || < = =
L= [ =rf [ =r~t =1

I~
1=l

only in case r = 1. In particular, given

for all » € Uy(1), while equality ||1 — expr| = only holds in case

r = 0(: OR)) and || IOgTH — 1!1”11&”

any positive constant p > 0, one has

r € Uy(l+p) = expr € Ui(p)

and
re Ui(1+p) = logr € Uy(p).

More specifically, one has
Il —expr| <1

for all r € Up(:25) in view of

o Ti > Ti
It—exprl = 130 1 <> 15l
=1 =1
— Il = Il
< 2 3! =2 b
i=1 =0

= exp(|r]]) -1 <exp(ln2)—1=2-1=1.
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A.2 Basic Identities

Further, identities for the formal power series of log and exp imply that, as
maps defined in terms of absolutely converging power series, they have the
following properties:

(i) One has

exp(ry + 7r2) = expri expry

for all r1,7, € R and, hence,
exp(Nr) = exp(r)N
for all r € R and N € N.

(ii) One has
reUy(1) = exp (logr) =r

and )
re Uo(n—) = expr € Ui(1) = log (expr) =r-

(iii) In consequence, one has

N
relU(1+ E) = Y € U(1) and log(r™) = Nlogr (132)

for every N € N:

Indeed, r € U;(1 + £5) implies exp(logr) = r as well as log(r) € Uy(Z35)
and, therefore, N log(r) € Up(;5) which, in turn, implies

Y = (exp(logr))N = exp(Nlogr) € Uy(1)
and, therefore,
Nlogr = log(exp(N logr)) = log(r").
(iv) Thus, defining a map 6% for every N € N by

1
0% U (1)—=R: 7+ exp(ﬁ logr),
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we have

1 1
R () = exp(ﬁ log(r™)) = exp(NNlog(T) =exp(logr) =7

for all r € U1(1 + %)

N
(v) More generally, we have [] r; € U;(1) and
i=1

N N
Z logr; = log H T
i=1 i=1

forall N € Nand rq,...,ry € Ui(1+ ln%> as this implies logr; < Uo(ln%) for
alli=1,...,N, hence, r :=logry + - +logry € Uy(7) and therefore

N

N N
H’ri = Hexp(log ri) = exp(Zlog ri) =expr € Up(1)

i=1 i=1 i=1
as well as

N
logry + -+ -+ logry =r = log(expr) = log(H Ti)s

i=1

as claimed.

A.3 More General Exponential Terms

One can use this set up also to define exponential terms of the form r* for
all » € Uy(1) and z € R by

r* :=exp(zlogr)

(vi) Obviously, one has

[ 1111

1=l = 1 = exp(elog )l < [t <
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for all r, z € R with |1 —r||(||z|| + 1) < 1. In particular, given any z € R and
any positive constant p > 0, we have

re U1+ 1+ p)llzll) = r* € Ui(p).

(vii) Further, one has

At = exp((2g + - - + 2y) log )

= exp(zilogr+---+ zylogr)
= exp(z1logr)...exp(zylogr)

= r?. N
for all r € Uy(1) and z,..., 2y € R.

(viii) And one has

r#172) = exp((212) log 7))
= exp(z2(z1logr))
= exp (22 log exp(z; log 7“))
= exp (22 log r™)
= (r)=
forall 21, 20 € Rand r € U;(1) with z; logr € Up(125) and, hence, exp(z; logr) €
Uy(1) and 2z logr = log (exp(z1 logr)).

In particular, we have
r e U1<1 —+ 2”21”) = ,r(zIZQ) — (,’,,21)22

for all z;, 2 in R as € Uy(1+ 21y implies logr € Up((121)) and, hence,

In2
z1logr € Up(s)-

(viii) In turn, this implies that
N N

H r; = (H ri)z

1=1 i=1
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holds for all N € N, z € R, and rq,...,ry € Uy (1 + ln%) in view of

N N N
H ri = H exp(zlogr;) = exp (Z zlog 7”@')
i=1 i=1 =1

N N
= exp (z Z 10g7“z‘) = €Xp (Z logH ri)
i=1 =1

(ix) More generally, we have

N M M -
ig\ Wi i=1 Zij Wi
(Hrj-]) :H'rj 17 (133)
i=1 j=1 j=1
for all N;M € N and wy, ..., WN, 211, -+, ZNM>T1, - - -, s € R with

M
] € U1<1+ (2+ M—Q)maX(szH 1= 1,,N)

forall j=1,..., M:

Indeed, these assumptions imply 7‘;” e Uy(1+ %) forall j =1,...,M and
1 =1,..., N and, therefore,

M M
Zij\Wi Zig\w
(H J ) _H(T] ) '
j=1 7j=1

foralli=1,..., N.

And they imply 7; € Uy(1 + 2||z;|)) and, hence, (r;7)" = rﬁzijwi) for all
i1=1,...,Nand j=1,..., M.

Thus, we have

N

1L = TLATe) =TI
:

i=1 j=1 i=1 j=1 i=1j

M N M )
_ H (H T§Zijlui)) _ H T;:1 ’



just as claimed.

While in this paper, we only need the map 6%, the more general definitions
and facts collected above have been of use in other approaches to Hadamard
conjugation and appear to be also of use, quite generally, in the phylogenetic
analysis of rate matrices (cf. [?]).
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