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Abstract

This paper introduces a unified notion of combinatorial expansions of generat-
ing functions of varicus classes of restricted planar attice paths (specifically the
excursions and bridges defined by Banderier and Flajolet). The plane is colored
in various ways and the iattice paths are decomposed into colored sections accord-
ingly. The identities between the coefficients of these combinatorial expansions
and the Chung-Feller iike phenomena are explained from this viewpoint using a
cut-and-paste technique to establish bijections between certain type of bridges and
excursions. The technique is illustrated on several families of familiar paths and can
be applied to many others.
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1 Introduction

Lattice paths of various types have been extensively studied in combinatorics. They serve
as an important model to describe many combinatorial structures such as trees, pattern-
avoid permutations, symmetric functions, orthogonal polynomials [17], Hankel determi-
nants [16], continued fractions [9], etc. They also appear in other ficlds of mathematics

including probability theory, statistics, computer science and queuing theory, etc.
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In this paper, lattice paths are usually described in the northeast orientation for con-

venience. This has the advantage that the ’size’ of a path not only coincides with its span
along the main diagonal but also coincides with its projective length upon the y-axis (or
:c-.ax'is). Using the terminologies in [1], a bridge is a path in the plane Z x Z with the north
. (0,a), east (b,0) and diagonal (c.c) steps (a, b, c are positive integers) that goes from the
origin to a point lying on the main diagonal y = = and an ezcursion is a bridge that never
| passes below the main diagonal. For example, here are some families of excursions and

their allowed steps.

excursions allowed steps
Catalan paths (0,1),(1,0)

. Catalan paths of order d, d > 1 (0,1),(d,0)
Motzkin paths (0,2),(2,0),(1,1)
Schroder paths (0,1),(1,0),(1,1)

The Catalan paths (or called Dyck paths) are counted by the well-known Catalan num-

bers {cn}nzo = {1,1,2,5,14,42,132,...}. It is known that the generating functions C = .

C(x) = 2,50 cnz™ for the Catalan numbers satisfies the functional equation C = 1+2zC>.
In 8], Eu et al. introduced the concept of Taylor expansion of generating functions, where
the cases of Catalan numbers and Motzkin numbers are considered. By a Taylor expan-
sion, the generating function is expanded in a form the remainder of which is expressed
as a function of the generating funiction itself. For example, by iteration, the initial

expansions of C are

C = 1+zC?
= 14+ 2*C?+ C¥
= 1+x+2x* 4+ 2%(2C% 4 2C* + C*).

From this algebraic manipulation, we are interested to know how to determine the func-

tions for the remainders and what their combinatorial interpretations are. Indeed, the

n-th Taylor expansion of C, first derived in [8], can be expressed in the form

n-—1
C=> ca'+a"Fy(C),
1=0
where F.(z) = EZ;& m2 ("FP)2m P! (cf. Theorem 3.3). Moreover, based on the expan-
sion, & simplified proof for the classic Chung-Feller theorem was given in [8] (¢f. Theorem



4.2). A study on the meanings of the remainders leads to the notion of combinatorial
expansions of the generating functions.

Our main idea is that the plane Z x Z is partitioned into blue and red regions in
various ways (e.g., by lines, curves, or multiple boundaries) and the lattice paths in the
plane are decomposed into colored sections correspondingly. Some statistics (e.g., the
number of paths of a given length and the number of blocks, etc.) of the paths under
consideration can be obtained from the counting results of their blue and red sections.
Since the enumeration of the colored sections can be formulated as generating functions by
factorizations into building blocks of the paths, it admits an expansion of the generating
functions for the paths. Moredver, the relations among expansions, based on different
partitions of the plane, provide interesting information about the statistics of the paths.
For ease of exposition, we focus our attention on the Taylor expansions for excursions
and the flaw expansions for bridges, each of which relies on a two-color bisection of the
plane Z x Z with respect to a line (e.g., hdrizontal, vertical and the main diagonal, etc.).
Several families of familiar paths are discussed in detail for illustration. Consequently, the
Chung-Feller and non-Chung-Feller phenomena for lattice paths are explained from this
point of view and a universal cut-and-paste technique is developed to establish bijections
between excursions and specific classes of bridges. In the illustrative examples, the plane
is always halved by a line (usually a horizontal line or the main diagonal), but curved
boundaries and more colors are obviously possible.

This paper is organized as follows. The‘theory of combinatorial expansions is given
in Section 2. The Taylor expansions of the generating functions for some families of ex-
cursions (e.g., Catalan paths, Catalan paths of order d, Motzkin paths, and large and
small Schréder paths) are derived in Séctipn 3. The flaw expansions for some fami-
lies of bridges are given in Section 4. A universal cut-and-paste technique is developed
to establish bijections between excursions and bridges for the cases with Chung-Feller
phenomena in Section 5. Analogues of Motzkin paths are discussed in Section 6. In
particular, an expansion of the generating function according the absolute minimum of
paths is given (Theorem 6.4). We shall show the Chung-Feller properties regarding the
absolute minimum for Motzkin paths (Theorem 6.5). Some results for the Schroder paths
are given in Section 7. In particular, a surprisingly neat formula for enumerating bridges
(i.e., Schroder paths with flaws) is obtained (Theorem 7.1) and some asymptotic results

regarding average number of returns of patfls are given (Theorem 7.8).



We shall denote [z"]F(z) the coefficient of ™ of a power series (or the expansion of a
function) F(z).

2 The theory of combinatorial expansions

Let G be the generating functions for the number of lattice paths under consideration.
Given a two-color partltlon of the plane Z x Z, say blue and red, the paths are decomposed
into blue and red sections correspondingly. The number of paths can be enumerated from
the counting results of their blue and red sections. Suppose that the generating functions
for the possibilities of the blue and red sections are formulated as G, and G2, respectively.
Then [z"]|G = ([z*)G1) * ([z9]G2), where * is some suitable operator and p+ ¢ = n, p,q
depend the number of marked steps in blue and red colors, respectively. For ease of
exposition, we restrict attention on the bisection of the plane with respect to a line (e.g.,
horizontal, vertical or the main diagonaliline y =z, etc.).

In the plane Z x Z, let 7, denote the set of paths from (0,0) to (m,m) with the
set T = {(0,a), (b,0),(c,c)} of allowed steps that never pass below the line y = z and
let t,, = |Tm|. Members of 7y, are called the T-ezcursions of semilength m. In addition
to the semilength of a T-excursion w, the generating function for {tm}m>0, given by
T = T(z) = 3 ,50tma™, can be equivalently formulated in terms of the length of the
projective image of 7 upon the y-axis (or the z-axis). To establish an expansion, the
plane Z x Z is partitioned into two colored half-planes with respect to a horizontal line,
say y = n for some n > 1. Given an excursion © € T, the section of 7 from the
beginning to the first step that meets (i.e., either reaches or intersects) the line y = n,
denoted by ~; (), is called the blue section and the remaining section of 7, denoted by
vF(r), is called the red section. For m 2> n, éy;‘ (w) (resp. <, (m)) has a projection of
length at most m — n (resp. at least n) upon the y-axis. Suppose that the excursions in
T, are partitioned into a disjoint union of subsets T (1), . .., Tm(k) for some k so that the

generating function for the possibilities of all red sections for the excursions 7 € T (p)

(1 < p < k) is formulated as a function F,(T,z) in T and z. This is certainly possible since

~; () can be factorized into building blocks of T-excursions and some permitted steps,
but we do have a complication depending on the given set of allowed steps. The number of

excursions in Trn (m > n) is thus enumerated by the linear combination Zl;:l apFo(T. z)
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of the functions F,(T,z) (1 < p < k), where ¢, is the number of all blue sections for

7€ Tn(p), ie, tm = Z:=1 ap([x™ ™ Fp(T, x!). Hence T can be expressed in the form

n—1 k
T =) ta'+2*()_ oF(T,z)). (1)
p=1 :

i=0
This is called the n-th Taylor ezpansion of T, in which x"(z;;l apFp(T, z)) is called the
remainder. For illustration, the Taylor expansions of the generating functions for the
Catalan paths (Theorem 3.3), the Catalan paths of order d (Theorem 3.7), the Motzkin
paths (Theorem 3.10) and the large and small Schréder paths (Theorem 3.15) are derived.

For the paths with the statistics concerned indexed by the z-coordinates, the Taylor
expansion along the z-axis is derived in a similar manner, in which case the plane Z x Z
is bisected by a vertical line. As illustrated in Theorem 6.3, an analogue of Motzkin paths

is discussed.

For bridges, a two-color bisection of the plane Z x Z with respect to the line y = z
is considered. By flaws of a bridge, we mean the steps of the bridge that pass below
the line y = z. The set of all bridges of a given length can be partitioned according
to the ‘sizes’ cf the flaws. For m > n, let T3(n) denote the set of bridges from (0,0)
to (m, m) with the set T = {(0,a), (b,0), {c,c)} of allowed steps the flaws of which have
a projection of length n upon the y-axis. Let ¢, = |7:(n)]. Members of T*(n) are
called the T-bridges of semilength m with n flaws. For the two-color bisection of the
plane Z x Z with respect to the line y = z and a bridge 7 € 7;%(n), let 6~ () denote
the flaws of «, called the blue part, and let §*(x) denote the remaining part of 7, called
the red part. For m > n, §%(x) (resp. 6~ (7)) has a projection of length m — n (resp.
n) upon the y-axis. Suppose that 7.:(n) is partitioned into a disjoint union of subsets
Ti(n,1),...,T%(n,£) for some £ so that the generating function for the possibilities of all
red parts for the bridges 7 € T.%(n,p) (1 < p < ¢) is formulated as a function G,(T,z) in
T and z. Then the number of bridges in 7.:(n) is enumerated by the linear combination
Zﬁ,=1ﬂpGp(T, z) of the functions Go(T.x) (1 £ p < ¢), where 5, is the number of all
blue parts for 7 € T%(n,p), i.€., tmn = Zf;:l ﬁp([xm‘"]Gp(T,x)). Hence the generating

function for t,, is
e
z*(>_ 3,Gy(T, 2)). . (2)
p=1
This is called the n-flaw expansion of the bridges.
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If (2) coincides with the remainder of (1) for n = 1,...,m, then there induces a
bijection between the set of T-excursions 7, and the specified class of T-bridges 7 (n).
Hence there exists a variation of the Chung-Feller theorem t;n,l =tmz = = tmm =
tm. It is\worth mentioning that Chung-Feller theorem is striking for its implication in
probabiiiy theory and, statistics, as Chung and Feller stated in their paper [3] “These
results shouid serve as a warning to statisticians who might assume that fluctuation
phenomena always follow the bell;shaped pattern and who would easily discover secular
trends”. We shall show the Chung-Feller phenomena for the Catalan paths (Theorems
4.1 and 4.2); the Catalan paths of order d (Theorems 4.3 and 4.4) and the lifted Motzkin
paths (Theorems 6.4 and 6.5).

3 The Taylor expansions for some excursions

For illustration, the Taylor expansions of the generating functions for some familiar paths

are discussed in detail.

3.1 Catalan paths

1
m+1

The m~th Catalan number ¢, = ™ counts the number of paths in the plane Z x Z
from (0, 0) to (m,m) with the north N step (0,1) and east E step (1,0) that never pass
below the line y =.x. Such paths are called the Catalan paths of semilength m. Marking
each north step with an z, the generating function C = C(z) = }_,.5ocma™ satisfies
C=1+zC?= 13-321;@. Moreover, the Catalan numbers satisfy the recurrence relations
Crtl = 3 pep CkCnk a0d (N + 2)enyy = 2(2n + 1)c, for n > 0 and ¢p = 1. Another useful
fact is that [z"|C* = z£- (****), which are known as the ballot numbers.

The technique of generatihg function is empowered by the “symbolic” method, owing
to Schiitzenberger, to enumerate combinatorial structures by decomposing the structures
into smaller building blocks either of the same type or of similar types. Refer to Flajolet
and Sedgewick [11, Chapter 1] or Stanley [15, Chapter 5| for systematic treatments. In
the framework of paths, factorizations into building blocks admit direct translations into
generating functions. As shown in the proof of the following result, the argument becomes

elementary and is repeatedly used in this paper by using the “symbolic” method.



Lemma 3.1 For 0 < p < q, the number of paths rom (0,0) to (p,q) with the (0,1) and

(1,0) steps that never pass below the line y = x is equal to [xP]CI—PHL.

Proof: Note that the point (p,q) is on the line y = z + ¢ — p. Each path from (0,0) to
(p, q) has a factorization v\Njv,Ny - - - 1y pNg_pvy_p11, where N; (1 <i<q—p)isthe last
north step that rises from liney =z +i—1toliney=z+iandy; (1 <j<qg—p+1)is
a Catalan path (possibly trivial). Hence the generating function for the number of paths
from (0,0) to (p, q) is z9"PC7P+!, Since there are g north steps contained in such a path,

what we need is [z9]{z?"PC9P*1}, as required. O

For illustration, a path from (0,0) to a point P = (p,p + 2) for some p > 0 is in the

form shown in Figure 1.

Figure 1: a path from (0,0) to a point P = (p,p + 2)

The Taylor expansion of C was first derived by Eu et al. in [8]. It is included here for
an illustrative purpose.

Let N,y denote the rorth step from (z,y — 1) to (z,y). According to the first step
that meets the line y = n and n < m, the paths in C,, are partitioned into a disjbint

union of subsets Cp(p,n) for p=0,...,n — 1, where
Cr(p,n) = {1 € Crn|N(pm) € ).
For the two-color bisection of the plane Z x Z with respect to the line y = n, let C;;(p,n)

and C} (p, n) denote the sets of blue and red sections for the paths in Cr(p, n}, respectively.

Lemma 3.2 Forp=20,...,n— 1, we have

1) [Ca(p,n)| = [2¥]C™7,



(i) Ik im)| = e

Proof: For any path m € Cn(p, n), the blue section 77 (7) goes from (0,0) to (p,n — 1)
and then rises from (p,n — 1) to (p,n). Hence |C,,(p,n)| = [zP]C""? by Lemma 3.1.
On the other hand, the red section ;' (w) goes from (p,n) to (m,m). Observe that
there is a» immediate bijection between C;(p,n) and the set of paths from (0,0) to
(m — n,m — p), by which the paths are flipped over the line z + y = m and traversed in

the reverse order. By Lemma 3.1, (ii) follows. O

By a straightforward counting argument, we deduce the Taylor expansion of C.

Theorem 3.3 (Eu-Liu-Yeh [8]) The n-th Taylor expansion of the C can be expressed

in the form

C= qu+x (Zn+§(n’;p>m-P+l). | (3)

=0

Proof: It suffices to show that ¢, = 2™ ]{Z":é e )C™P*} for all m > n. By

Lemma 3.2, we have
cn = |Cml

n—1

= Z ICim (P, )| - ICt (D, n)]
p=0
n—1

= ()

p=0

= &7 {27 +p<n +p)cm-p+l}’

as required. 0

Remark: There is an alternative representation for Catalan paths, also called Dyck
paths, which goes from the origin to a point on the z-axis with the up step (1,1) and
down step (1,—1). The two-color bisection of plane is therefore with respect to the line

T+Y=n.

We shall show in Theorem 4.1 that the number of Catalan paths with flaws are enu-

merated by the remainder of the Taylor expansions.



3.2 Catalan paths of order d

Let d be a positive integer. Let TP denote the set of paths in the plane dZ x Z =
{(dz,y)|z,y € Z} from (0,0) to (dm,dm) with the unit north N step (0,1) and the
grand east E step (d,0) that nevef pass below the line y = z and let D = lTn(,d.)|.
Membérs of .Y are called the Catalan path of order d of semilength dm (or dm-CP(d)
for short). Marking each north step by an z, the genefa.ting function for {tg) }m>o is given
by T =T(z) = 2 mso t@zdm  For example, the ordinary Catalan paths are the examples
of order d = 1. For d = 2, it is equivalent to the generalized Dyck paths considered by
Cameron 2] and T = 1+2?+ 32+ 122°+552° +- - .. In fact, @ = 77 (U™, Observe
that each non-trivial CP(d) has a factorization Nyv; - - - NgvgEyvay1, where E; is the first
east step that reaches the line y = z, N; (1 < i < d) is the last horth_ step that rises from
liney=z+i—1ltoliney=z+iand v; (1< jS d+ 1) is a CP(d) (possibly trivial).
Hence T satisfies the functional equation T = 1 + zT9+!. 1t is straightforward to prove

the following result by a similar argument of Lemma 3.1.

Lemma 3.4 For 0 < dp < q, the number of paths from (0,0) to (dp,q) with the (0,1)

and (d,0) steps that never pass below the line y = z is egual to [z®]TI~%+!,

By a two-color bisection of the plane dZ x Z with respect to the horizontal line y = n
and n < dm, we shall derive the Taylor expansions of T along the y-axis. The complication
encountered is that the remainder is expressed as a function in Aj,. .., Agq (defined in (4)
below) due to the asymmetry of the permitted steps. Each of the 4; (1 < i < d)
corresponds to one of the building blocks of a CP(d).

Let N4 denote the north step from (z,y — 1) to (z,y). According to the first step
that meets the line y = n and n < dm, the paths in T are partitioned into subsets
T (dp,n) for p=0,..., |251], where

T9(dp,n) = {m € TP |Nigpn) € 7}-

Let 7%~ (dp,n) and T,,(1d)+(dp, n) denote the sets of blue and red sections of T3 (dp, n),
respectively. Observe that each blue section in T"(.d)_(dp, n) goes from (0,0) to (dp,n—1)
and then rises from (dp,n — 1) to (dp,n). By Lemma 3.4, we have the following result.



Lemma 3.5 For0 < dp < n, |T3 (dp,n)| = [z#|T%.

To enumerate Tt (dp, n), consider a section of a path of the form uE, where p starts
from and remains above a line, say ¥ = « + h for some h > 0 and E is the first east step
that passes below the line y = = + h. v,u is said to be of type A; for i € {1,...,d} if E goes
from liney=z+h+d—itoliney=z+h—i. Let A,-_ denote the generating function

for the possibilities of a section of type A;. It is easy to see that
Ai — d—de—i+l (4)

for i = 1,...,d since such a section y has a factorization u = voNyvi - - - Ng_ivg—s, where
N; (1 < j £ d—1) is the last north step that goes from line y = x + h +j — 1 to line
y=z+h+j V

Lemma 3.6 For 0 <dp<n <dm,
|78+ (dp, n)| = [=""I{ > (al M ad) AMAZ ... A%TY,
a1 +2ag+-+dog=n—dp ay,az,"**,0d
where A; is defined in (4) fori=1,...,d.

Proof: Note that each red section 7} (7) € T,(,f)“L(dp, n) goes from (dp,n) to (dm,dm)
and the point (dp,n) is on the line y = x + n — dp. Then v+ () has a factorization
() = prBrpr—1Be-r - - 1 Eqpg for some k > 1, where Ey is the first east step that
passes below the liney = z+n—dp, E; (k—1 =12 1) is the first east step that goes lower
(i.e., closer to the line y = z) than Ei;, does and E, is the first east step that reaches the
y = z. Moreover, each section p; (1 <@ < k) is of certain type A; for some j € {1,... ,d}
and the terminal section pg is a CP(d). Suppose that {us,. .. , i} consists of a; sections
of type A; for some a; and i = 1,...,d. Then ay + 2a; + -+ + dag = n — dp and the
generating function for | T (dp, )| 18 g, 42094 +dagen—dp (arfozt o) AT AG - AT,

What we need is the coefficient of ™™ of this function since the length of the projection

of 4;F(7) upon the y-axis is dm —n. O

In the following, let Agpg = [z9]T9-9+! and let F.(A1, 42, ... , A4) be a function of

the form

a1+ a2+ +ad\ o ge ga
FuAn A A= ) ( : ")AIAQ---A;.

ai,as, " ,04
a1 +2ag++dag=n 1 42, s Ud
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Theorem 3.7 The n-th Taylor ezpansion of T' can be expressed in the form

127 _ {123
T= Z tfd)a:d' + z" Z /\dp,n—an—dp(Ala A2) ) Ad)T

=0 p=0

where A"'is-deﬁned in(4) fori=1,...,d.

Proof: It suffices to show thatt =[ '*""""}{2:,,,0 /\tbn—an—dp(Al, Aa, ..
all dm > n. By Lemmas 3.5 and 36,wehave & v' S

t = 150
=2
= 3 1T dp, )|

p=0
123
= Y 1T (dpn)l- IT("”(dp,n)!

p—

] . a a LI/ )
614242 ++-+dag=n-'dp L

23
= @) Apn-1Fn-ap(Ar, Ay ... AD)T),
=0 ‘ SR

as required. |
For exa.mple, let ﬁs take d‘= 2. The ih’iti_a.l éxpahsiqns of T are
T = 1+2AT |
= 1+2%(A2+ A)T
= 14+2°2+23(A% + 24,4, + A)T
= 1427+ 244! + 3A2Ay + A2 + 24 + A))T,
where A; = zT? and A, = T. By substitution, we‘have
T = 1+2°T3
= 1+2T*+2'T°
= 1422 +z4(T% + 2T*) + 2°T7
= 1+22+24(2r? +‘T:3) +2%(2T° + 3T°) + £°T".

E,\ap,n_l D S GO AN ¥ " 28

(5)

yAa)T'} fqr

 AST)

We shall show in Theorem 4.3 that the number of Catalan paths of order d with flaws are

enumerated by the remainder of the Taylor expansions of T'.
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3.3 Motzkin paths

Let M, denote the set of paths form (0,0) to (m, m) with the north N step (0, 2), east E
step (2,0) and diagonal D step (1, 1) that never pass below the line y = z. Members of Mm
are called the Motzkin paths of semilength m, which are enumerated by the well-known
Motzkin numbers, denoted by {em}m>0 = {1,1,2,4,9,21,51,...}. Marking a unit projec-
tive length of a path upon the y-axis with an z, the genefating function M for {€m}m>o,
givenby M = M(z) = 3,0 em2™, satisfies M = 14+cM+x°M? = 1-_1-_%{:5}_ More-
over, the Motzkin numbers satisfy the recurrence relations en42 = €nt1+ D pep €k€n—k and
(n + 4)ens2 = (2n + 5)eny1 + (3n + 3)e, for n > 0 and eo = e; = 1. Note that z + y is

even whenever there exists a Motzkin path visiting the point (z,y).

Lemma 3.8 For 0 < p < g, the number of paths from (0,0) to (p,2q — p) with the (0,2),
(2,0) and (1,1) steps that never pass below the line y = x is equal to [zP] MI~PHL,

Proof: Note that the point (p, 2g—p) is on: the line y = z+2(¢—p). Each path from (0,0)
to (p,2q — p) has a factorization vyNywoNy - - - vg_pNg_pVg—p41, where N; (1 < ¢ < g—p)
is the last north step that rises from line y = z + 2(i — 1) to line y = x + 27 and y;
(1< j<gq-p=+1)is a Motzkin path (possibly trivial). Hence the generating function
for the number of paths from (0,0) to (p,2q) is £29~P) M9-P*+1  Since the length of the
projection of such a path upon the y-axis is 2g—p, what we need is [z%9-P){z29-P) M9-PF1}

as required. O

The Taylor expansion of M was first derived by Eu et al. in [8]. It is included here
for completeness.

Let D(z) denote the diagonal step from (x—1,y—1) to (z,y) and let N(.,y) denote the
north step from (z,y — 2) to (z,y). According to the first step that meets the line y = n
and n < m, the paths in M,, are partitioned into subsets Un(n—2i,n) fori =1,...,[3],
Vi(n — 2j,n) for j =0,...,|25}) and Wn(n— 2k +1,n+1) for k=1,...,| 2|, where

Um(n — 21, n) = {71' € Mm‘N(n_zi’n) € 72’},
Vin(n — 24,n) = {7 € Mm|Dpn-2jn) € 7},
Winn—2k+1,n+1) = {rm€ MnNn_2kt1n+1) € T}

12
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For the two-color bisection of the plane Z x Z with respect to the line y = nand n < m, let
Uz (n—2i,n), V,, (n—2j,n) and Wy (n—2k+1,n+1) (resp. Ut(n—2i,n), Vi (n—2j,n)
and W (n—2k+1,n+1)) denote the sets of blue (resp. red) sections accordingly. Making

use of Lemma 3.8, the following results are obtained by a similar argument of Lemma 312.

Lemma 3.9 Fori=1,...,|5],j= L1253 end k=1,..., 2], we have
() |Un(n— 2i,n)| = 2™ *]M",
(i) |V (n - 2j,m)| = "7 M7,
(iti) [Wo(n— 2k +1,n+1)| = 2"+ M,
(iv) |U(n - 2i,n)| = 2™ "M,
) [Vit(n —2j,n)| = [a™ | M7,

(vi) [Wi(n—2k+1,n+ 1) = [z M**

Theorem 3.10 (Eu-Liu-Yeh [8]) The n-th Taylor expansion of the M can be expressed

in the form
M= Ze,x + 2Y(GCn(M) + Ha(M)) + 2" Hy (M) M,
1=0
i+ . [en=2if g _ L—"'—J k _
where Gp(2) = E,__ Gniz Y, gni = [2V#M* and Ha(z) = hng2®, Bnk =
[$n—2k+1]Mk.

Proof: It suffices to show that em = [™ |{Gn(M) + H.(M)} + [z™ " '|{H.(M)M}
for all m > n. By Lemma 3.9, we have

€m = lel
125] (2]
= ZlU (n — 2, n)| + Z Vin(ni = 2, )| + > |Win(n — 2k +1,n+1)|
k=1
15 L25)
= S (@ HMY (M) + Y (M) (M
7=0

=1
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L2
+ E ([xn—2k+1]Mk)([xm-—n—l]Mk-}-l)
k=1

13 [25) (23

— [xm—n]{zgn’kMH—l + E hn,kMk} + [xm—n‘_—l]{ Z ibn,kMk+1}>
i=1 k=1 k=1
as required. O e

We shall show in Theorem 4.5 that the number of Motzkin paths with flaws are

enumerated by a partial remainder of the Taylor expansions.

3.4 Large and small Schroder paths

The (large) Schroder numbers {Tm}m>o0 = {1,2,6,22,90,394, ...} and the small Schroder
numbers {sm}m>o = {1,1,3,11,45,197,...}, first appeared in a paper of Ernst Schréder in
1870, have been found in many combinatorial configurations (see [15, Exercise 6.39], [4]).

As noted by Stanley in [14], some of the numbers were known to Hipparchus in the second

century B.C. The m-th Schréder number r,,, counts the number of paths in the plane Zx Z
from (0,0) to (m, m) with the north N step (0, 1), east E step (1,0) and diagonal D step
(1,1) that never pass below the line y = z. Such paths are called (large) Schroder paths of
semalength m (or m-Schroder paths for short). Note that the terms of {ry, };m>1 are twice of
those in {Sm }m>1. Consequently, the rr.z-th small Schréder number s,,, counts the number of
m-Schroder paths without diagonal steps on the line y = z (Proposition 3.11). It is known
that the generating functions R = R(z) = }_ 5, mm2™ and S = S(z) = > m>0 SmZT™ of
the large and small Schroder numbers satisfy the functional equations R = 1+ zR + zR?
and § = 1 — xS + 2252, respectively, and |

'R_l—:z—\/l—ﬁx—k:c2 and S_1+x—\/i—6x+:bz

2x _ 41z

(6)

Moreover, the large Schroder numbers satisfy the recurrence relations rp41 = Tn+Y peg TkTn-k
and (n + 3)Tn42 = 3(2n + 3)Tpy1 — nry for n > 0 and rg = 1, 7, = 2. The small Schroder
numbers satisfy the recurrence relations sny1 = —8n + 23 p_ SkSn—k and (n + 3)sn+2 =
3(2n 4+ 3)8p+1 — nsp for n > 0 and s = 51 = 1.

Among many other combinatorial structures counted by the small Schréder numbers,

two interpretations of {sm}m>1 are given in the following.

14
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Proposition 3.11 For m 2> 1, the following cases hold.

(i) The m-th small Schroder number s, counts the number of m-Schrider paths with

at least one diagonal step on the line y = .

-

(ii) Them-th small Schroder number s, counts the number of m-Schroder paths without

diagonal steps on the line y = x.

Proof: We shall establish a bijection ¢ between the above two sets. Given an m-Schréder
path with at least one diagonal step on the line y = x, locate the first diagonal step D on
the line y = z. Then 7 has a factorization of the form 7 = pDv, where y is a Schrider
path without diagonal steps on the line y = z and v is a Schroder path (1 and v are
possibly trivial). The mapping ¢ carries 7 into ¢(m) = uNvE. On the other hand, given
a path 7 without diagonal step on the line y = z, locate the last north step N that rises
from the line y = = to the line y = £ + 1. Then 7 is factorized in the form 7 = u/'N/'E.

Then ¢~!(7) = u'DV/ is the required path. O

In particular, an m-Schréder path without diagonal steps on the line y = z is called a
small m-Schréder path. For 0 < p < g, let [1(p,q) denote the set of paths frcm (0,0) to
(p,q) with the (0,1), (1,0) and (1.1) steps that never pass below the line y = = and let
I'(p,q) C II(p, q) be the subset of paths without diagonal stéps on the line y = . By a

similar argument of Lemma 3.1, we have the following results.

Lemma 3.12 For 0 < p < q, we have
(i) [, )| = [xP|RIP*,
(ii) |T(p,q)| = [xP]RIPS.
Let D¢, denote tne diagonal step from (z — 1,y — 1) to (z,y) and let N, denote
the north step from (z,y — 1) to (z,y). Let R., denote the set of large m-Schréder paths.

According to the Grst step that meets the line y = n and n < m, the paths in R, are

partitioned into subsets RY(i,n) fori =0,...,n—1 and RE(j,n) for j = 1,...,n, where
RY(i,n) = {1 € RuINimy €7} and  R2(j,n) = {7 € Rin|Dymy € 7}

15



For ilLe two-color bisection of the plane Z x Z with respect to the line y = 7 and n <
m, let R¥=(i,n) and RN *(i,n) denote the sets of blue and red sections of R (i,n),
respectively and let R2~(j,n) and RD+(j,n) denote the sets of blue and red sections

of RE2(j,n), respectively. By a similar argument of Lemma 3.2, it is easy to see that

IRN=(i.n)| coincides with |TI(i,n —1)| for i =0,...,n—1 and |R2-(j,n)| coincides with
I — 1,n — 1)} for j = 1....,n. Moreover, there is an immediate bijection between

RN+ (4,n) and II(m —n,m —1) (resp. between RE+(j,n) and II(m — n,m— j)), by which
the paths are flipped over the line z +y =m and traversed backward. By Lemma 3.12(i),

we have the following results.

Lemma 3.13 Fori=20,...,n—1and j=1,...,n, we have
(@) Ry~ (G n)| = [«*]R™,
(i) IR2-(G,n)| = [ "R,
(i) [RY* ()| = [a™ "R,
(iv) 'RE*(j,n)| = [a™ R

For the case of small Schréder paths, let S, denote the set of small m-Schroder
paths. S, are partitioned into subsets ST (i,n) for i = 0,...,n =1 and S2(j,n) for

j=1,....n—1, where
SN m) = {r € SulNgm €7} and  S2(j,n) = {7 € SnlDyim € T}.

The sets SN~ (i,h), SN+ (i,n), S2=(j,n) and S2*(j,n) are defined accordingly. Making
use of Lemma 3.12(ii), the following results can be developed parallel to Lemma 3.13.
Lemma 3.14 Fori=0,...,n—landj=1,...,n—1, we have

(i) ISN-(i,n)| = [2]R"1S,

(i) 1S3~ ) = [z" RS,

(i) |SN*(i,n)] = e RS,

(iv) |82+ (j,n)| = [z "]R"7'S.
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The Taylor expansions of R and S are derived along the y-axis. For the case of S, the
remainders of which are given as functions in R and S. One can obtain functions in S by

substituting R with 25 — 1.

Theorem 3.15 We have .

(i) The n-th Taylor ezpansion of the generating function for large Schroder numbers

4 5% can be expressed in the form

ofad

n-1

R=) ra'+ z"(Fa(R) + Fa(R)R),

i=0

:* where Fa(2) = Yop_; fokz® and fox = [z™*] R*.

(ii) The n-th Taylor expansion of the generating function for small Schroder numbers
can be expressed in the form '

n—1
§S=Y sz’ +2"(Gu(R)S + GL(R)S).

=0

 where Ga(z) = X G, Ga(2) = Tioa gas?*™" and g = &A1),

Proof: To prove (i), it suffices to show that rp, = [z "|{Fa(R) + Fo(R)R} for all m > n.
By Lemma 3.13,

= 1Rl
— ;WD ],n)|+§|R m(in)]
_ J}f:lmz-u,nn RE Gl + z R (i) - RG]
- :}ié(uim"-*)([xm-ﬂ{ﬂ"-* )
- gjnj([x"-km%([xm-"l{fzk + R,

as required. The last equality is obtained by replacing n — 1 with k. It is straightforward
to prove (ii) by the same argument. A O
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We shall show in Theorem 4.6(i) that the number of large Schréder paths with flaws
are enumerated by a partial remainder of the Taylor expansions of R. So there is no
Chung-Feller type result in this case. However, a neat formula for enumerating large

Schréder paths with flaws is obtained (Theorem 7.1). .

4 The flaw expansions for some bridges

In this section, the flaw expansions for some familiar paths are derived.

4.1 Catalan paths with flaws

For 0 < n < m, let C;,(n) denote the set of paths from (0,0) to (m,m) with the north N
(0,1) and east E (1,0) steps that contain n north steps under the line y = z. Members
of C,.(n) are called the Catalan paths of semilength m with n flaws. For the two-color
bisection of the plane Z x Z with respect to the line y = x, the blue part 6= (r) of a path
7 € Cpy(n) (i.e., the flaws) is partitioned into nontrivial blocks. Each block is of the form
EvN, where v is a Catalan path flipped over the line y = z. So the generating function for
the possibilities of a nontrivial block is zC. Moreover, if 6~ () has k nontrivial blocks then
the red part 67 (m) is a disjoint union of k + 1 blocks (possibly trivial) of Catalan paths.
According to the number of blocks in the blue part, the paths in C¥ (n) are partitioned into
Cm(n,kj for k = 1,. ., n, where C},(n, k) = {r € C%(n)|6~(r) has k nontrivial blocks}.
Since there ar¢ n anc m — n north steps contained in 6~ () and 6+ (), respectively, we
have |C;,(n, k)| = ([z"])z*C*)([z™"]C**'). Then

Cr(m)] = Y [Ch(n, k)l
k=1

= ) ([z"]z*CH)(lz™ k)

k=1 _
o men - k 2n—k\ i1
= U g (h k)

Hence the generating function for |C},(n)| is ™(3}_; 525 (*"75) C**1), whick coincides

with the remainder of (3). This proves the following results.




Theorem 4.1 The generating function for the number of Catalan paths of semilength m

with n flaws coincides with the remainder of the n-th Taylor ezpansion of C (in Theorem

3.3).

By Theorems 3.3 and 4.1, we deduce the Chung-Feller e e
ﬂ‘?‘? £

‘-'y )

Sbo

2 . Catalan paths of order d with flaws

| ﬁ?}h < n < dm, let T"(,d)*(n) denote the set of paths from (0,0) to (dm,dm) with the
\%ltnorth N step (0, 1) and the grand east E step (d,0) that contain n north steps under
“the line y = 2. Members of Tn(;d)*(n) are called the Catalan paths of order d of semilength
7 &dm with n flaws. For the two-color bisection of the plane dZ x Z with respect to the line
' 15-—-5 ;:, the flaws of a path are partitioned into nontrivial blue blocks, each of which begins
with an east step that passes below the line y = z. A blue block of the form E7 is said to
-{bt;;tu)f:type B;forie {l,...,d} if Egoes fromliney=2z+d—-itoliney=x—-7and 7
has a factorization 7 = v;N;»;_1N;_; ... 141Ny, where N; (1 < j < 1) is the first north step
that rises from line y=x—jtoliney=2z~—j+1 Notethat v; (1 <j <3)issimplya
CP(d) flipped horizontally and vertically and travérsed backward. Hence the generating
function for the possibilities of a blue block of type B; is z*T*. Observe that a blue block
of type B; is proceeded by a red section of type A; and there are dk + ¢ north steps in a
blue block of type B; for some non-negative integer k. |
. For example, consider the case d = 2 and n = 3. Each path in T,7(,2)'(3) is in one of
the four forms shown in Figure 2. Then the generating function for |T,3*(3)| is z3(A3 +
24:A; + A;)T, which coincides with the remainder of the third expansion of T'.

Theorem 4.3 For 0 < n < dm, the generating function for the number of Catalan pauis
of order d of semilength dm with n flaws coincides with the remainder of the n-th Taylor
A ezpansion of T (in Theorem 3.7).
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Figure 2: the 4 classes of paths in Tn(,z)*(S)

Proof: Given a path 7 € T (n), suppose that the flaws of = consist of a; blue blocks
of type B: for some a; and ¢ = 1,...,d. Note that a; + 2a; + --- + dag = n (mod d).
Assume that n = r (mod d) for some r € {0,...,d — 1}. Let To2*(n, dk) € T-9*(n) be
the subset of paths with a; +2a2 +---4+daa =dk +r for k=0,...,%5". For each path

7€ Tn(zd)‘(n,dk), there are dm — n north steps among the a; (1 < i < d) red sections of
type A; and a CP(d) (the terminal red section). Hence

d d
lTngd)t(n’ dk)] — Z [:L‘n]{ (dl +as+--+ ad) H(xiTi)ai} . [xdm—-n]{H A?{ i

a . e
a1+2ay+-+dag=dk+r 1,32, 0d i=1

I

d
Z (al +ag+--+ ad) [gn-dk=rypeker . [gam=n] ] A% -
=1

a a DY
a1+2a2+--+dag=dk+r 1,%2, 1 0d

d
men +ax+---+ a
= [xd ]{/\n—dk-r,n—] Z (al 2 ad) H Ai' ’ T}

a1+2a7++dag=dk+r a1,a2," ", 0Qd 121

Hence the generating function for [Tn(ld)'(n)l is

ner ,
" ZAn—dk—r,n—lek+r(Al,A2,---,Ad)T ,
k=0

which coincides with the remainder of (5). Since the argument works for n = r (mod d)

for all € {0,...,d — 1}, the proof is complete. O

By Theorems 3.7 and 4.3, we have the following variation of the Chung-Feller theorem.

Theorem 4.4 For 0 < n < dm, the number of Catalan paths of order d of semilength

dm with n flaws is @ independent of n.
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Remark: Cameron [2] used a standard manipulation of bivariate generating functions to

“obtain the case d = 2.

R

4 3‘ Motzkm paths with flaws .

Rorim > 1, let M, (n) denote the set of paths form (0,0) to (m,m) with the north
jtép (0,2), east E step (2,0) and diagonal D step (1,1) the flaws of which have a

_j;hé lme y = z, note that each nontrivial block of the blue part §=(m) of a path
;i'fg M *(n) is of the form EvN with a semilength at least 2, where v is a Motzkin
g&h flipped over the line y = r. Hence the generating function for the possibilities of

a nontrivial block is z2M. Let M}, (n) be partitioned into M}, (n,9) fori =1,...,|2],
yhere M:.(n,i) = {m € M}, (n)|6~(7) has i nontrivial blocks}. Since 5+(7r) consists
bf i + 1 blocks of Motzkin paths (possibly trivial) with a total semilength m — n for
x € M2 (n,i), we have |[M},(n,7)| = ([z"]z* M*)([z™ "] M*t!). Hence

3]

IMn(n)| = ZIM‘ (n,9)]

L J
= > (e"e® M) (™M)

i=1
3
= ™D gaaMTY,
i=1
where g,; = [z"~%]M* for : = 1,..., |2]. This prove the following result.

Theorem 4.5 Let Gp(2) = Z,_l gzt and gn; = [ #|M*. The generating function
Jor the number of Motzkin paths of semilength m with n flaws is 2°(Gn(M)).

Remark: It follows from Theorems 3.10 and 4.5 that there is no Chung-Feller property
in this case. A recurrence relation for the number of Motzkin paths with flaws was derived
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4.4 Large and small Schréder paths with flaws

For 0 < n < m, let R;,(n) denote the set of paths from (0,0) to (m,m) with the north
N step (0,1), east E (1,0) and diagonal D step (1,1) such that the flaws of which have
a projection of length n upon the y-axis. Members of R (n) are called the (large) m-
Schrioder paths with n flaws. Let Sk (n) € RE (n) be the subset of paths without diagonal

steps on the line y = z, called the small m-Schréder paths with n flaws.

Theorem 4.6 Let Fn(2) = 3p_, fok2* and for = [z *|RE. The following cases hold.

(i) The generating function for the number of large m-Schréder paths with n flaws is
" (F,.(R)R).

(ii) The generating function for the number of small m-Schréder paths with n flaws is
2" (Fu(S)S).

Proof: For the two-color bisection of the plane Z x Z with respect to the line Yy =z, the
blue part 6 (7) of a path m € R}, (n) is partitioned into nontrivial blocks of the from EvN,
where v is a large Schroder path flipped over the line y = z. Hence the generating function
for the possibilities of a nontrivial block is zR. Let R (n) be partitioned into R (n,k)
fork=1,...,n, where R}, (n, k) = {r € R%,(n)|6(r) has k nontrivial blocks}. Since the
red part 0% (m) of 7 consists of k + 1 blocks of large Schrbder paths (possibly trivial) with
a total semilength m —n for 7 € R}, (n, k), we have [R},(n, k)| = ([z")z* R*)([z™ "] R**1).

Hence |
R = 3[Rk
k=1
- f([x"]xkﬁk)({x'"‘"]ﬁk“)
k=1
= ™"} fakRE,
k=1
as required. -

(i) Let Sp,(n) be partitioned into Sk,(n, k) for k = 1,... n, where Sp(nk)y={r e

Sm(n)|6~(m) has k nontrivial blocks}. Following the above argument, note that the red
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part 6% (r) of m consists of k + 1 blocks of small Schroder paths (possibly trivial) for
x € Si.(n, k). Hence

IS = Y ISn(n.k)l
k=1

S (&™) BY) (@™ 5+1)

k=1

=™ {Z fakS*H! }

-

=

”ﬁﬁmf is complete. O

B‘gmark.By Theorem 3.15(i) and 4.6(i), there is no Chung-Feller property for the large

_paths with flaws in this case. However, if we assign two possible colors to the north step
from (m,m—1) to (m, m) then the generating function for the number of large m-Schroder
paths with n flaws will become 2™(F,(R)(1 + R)), which coincides with the remainder
of: the n-th expansion of R. Although it is somewhat artificial, we have a variation of

Chung-Feller theorem regarding the flaws with coloring for large Schroder paths.

5 The bijections and cut-and-paste technique

In this section, we introduce a universal cut-and-paste technique to establish bijections

between excursions and specific classes of bridges.

5.1 Catalan paths

Inspired by the proofs of Theorems 3.3 and 4.1, a bijection ¢ : C,, — C?,(n) is established,
which carries a path 7 € Cp, into the image ¢(r) € C* (n) by cutting the blue section of
7 into slices and pasting them into blocks of the blue part of ¢(n). The cut-and-paste

procedure is repeatedly used and becomes a standard technique.

Recall that C,, = UpZjCm(p,n), where Crn(p,n) = {7 € C(M)|Npn) € 7} Given a
path € C,,,(p, n), the red section 4} () has a factorization v} (7) = fn—pEn—p* - t1E1 10,
where E; (1 < i < n — p) is the first east step that goes from line y = z + 4 to line

Y=2z+4i- 1. On the other hand, the blue section 47 (7) has a factorization 7 (r) =
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VIN1oNg - - v pNp—p, where N; (1 € ¢ < n — p) is the last north step that rises from
line to line y = 2 + 47— 1 to line y = z 4+ . To establish a mapping, form a new section
Y m)' = NovaNivg -+ Np_p_10n_p from 47 () (with N,_, moved to the beginning and
denoted by Ng). Let ¥ be the section of path obtained from v; by flipping over the line

y = z. Define a mapping ¢, which carries 7 = v (%)~} () into
¢p(7r) = ll'n—pEn—p’V\n—pNn—p—l T ulEI/V\I NO#O-

Since the n north steps in 47 () are partitioned into the n — p blocks E,_ptp_pNy o,
... E11Ng of the blue part of ¢,(7), ¢,(7) € Cy,(n). Hence a mapping ¢ : Cr, — C2,(n)
is established with @|c,,pn) = @ for p=0,...,n — 1. In order to find the ¢~!, we only

need to reverse the procedure.

For example, consider the case m = 9 and n = 5. In Figure 3, on the left is a
Catalan path © € Cy, the red section 7{ (r) (from (2,5) to (9,9)) has a factorization
75 () = psEspoEopiEipo, where E; = 10, E; = 15 and E; = 16, and us = (8,9), us =
(11,12,13,14). py is trivial and po = (17,18). On the other hand, the blue section ~; ()
(from (0,0) to (2,5)) has a factorization v (7) = vyN;,Nyv3N3, where Ny = 3, N, = 4
and N3 = 7, and v; = (1,2), v, is trivial and v3 = (5,6). For 45 (1) = Nov;N;voNovs,

NQ = N3 = 7. On the I‘lght is the path ¢(7T) = /13E3’1;3N2,UQE2,1/\2N1[,L1E1’l71N0[.l,o € C;(S)

18 ‘ 18
13 14i15116}37 : 17}
12 I ' yiE
giofi1i L 1612
(2i5) 13i14115] 3
617 : 12
5 1]
4 1. |4
2|3 9:10i5 |6
1 o 8 , I

Figure 3: a path m € Co(2,5) and the ¢(x) € C5(5)
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5.2 Catalan paths of order d

In the following, we shall establish a bijection ¢ : T ,,({”“(n) by the cut-and-paste
technique.
Recall that T(d)(dp, ={r e Tn(;d)]N(dp,n) €n}forp=0,...,[2]. Given a path

T € T(d)(dp, n), the red section vy (7) (from (dp,n) to (dm,dm)) has a factorization
| 7;}'(«) pkErpsk—1E—1 - - - mEipio for some k > 1, where Ey is the first east step passing™
belowthe liney = z+n—dp, Ei (k—12> i > 1) is the first east step going lower than E;y,
N is the first east step reaching the y = z. Suppose that the section ; is of type Aj;
fors ".;‘,J,e{l .,dyandi=1,....k Thenji+---+jr=n—dp Letbi=ji+- -+
4 < < k) and let bp = 0. On the other hand, the blue section 7, (7) (from (0,0) to

(dp,n)) has a factorization v, (7) = viN1eNa - - - 1 _gpNp_ap, where N; (1 <7< n—dp)is
thwiast north step that rises from the line y = z + 47— 1 to the line y = x + 4. To establish
aﬁnappmg, form a new section v, (1)’ = Nov1N1oNo -+ - Np—gp—1Vn—gp from ~; () (with
. N “moved to the beginning and denoted by Ng) and then factorize it into k sections
e (1r)' = w . ..wk such that w; is the section from Ny, , to w, for i = 1,..., k. Moreover,
let @ w; be the section obtamed from w; by flipping horizontally and vertlcally Define a

ma.ppmg ¢, that carries 7 into
.
| ¢p(7") = peErlppir 1 Epm 1@y - - - g1 E101 0.

Smce the n north steps of <, (w) are partitioned into the k blocks @1,...,wk of flaws
of ¢,(7r) dp(m) € T; (d)*(n). Hence a mapping ¢ : 72 — T, 9*(n) is established with
q?lﬁo( dpg) = Pp forp=0,..., |251]. To fine the 671, ] just reverse the procedure. The
bijection ¢ is established.

For example, consider the case d = 2, m = 5 and n = 7. In Figure 4, on the left is
a path T € 73(2) (4,7). The red section 47 () (from (4,7) to (10,10)) has a factorization
(1r) M2Eqp By g, where E; = 11, E; = 12, uy = (10) is of type Ay, u is a trivial
block of type A; and po = (13,14,15). The blue section v; (7) (from (0,0) to (4,7))
hgsdg factorization v () = 1 N1uNavsNs, where N; = 4, N, = 5 and N3 = 9. For

T (‘”) = N0V1N1U2N21/3 = Wiws, No = N3 = 9 W = N0U1N1U2 = (9,1,2,3,4) and
wz = Naus = (5,6,7,8). On the right is the path ¢(r) = poEolop Exdipe € T2 (7).

Remark The universal cut-and-paste technique can be further applied to the following
sxtua.tlon Let G denote the set of bridges with the unit north step (0,1) and the allowed
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Figure 4: a path 7 € T2 (4,7) and the ¢(r) € T2 (7)

set of east steps {(d,0)|d > 1}. Let Gm C G be the set of excursions from (0,0) to (m, m).
For m > n, let G (n) C G be the set of bridges with n north steps under the line y = .
With a minor modification of the previous argument, an analogous bijection between G,
and G(n) is established by the same procedure.

To see this, let Gm(p,n) € Gm be the set of paths that contains the north step from
(p,n — 1) to (p,n). Given a path 7 € Gm(p,n), the factorization vf (7) = pxErpik—1Er—1
.« p1Eypo of the red section of 7 and the factorization 7 () = N1nNs -+« Un_pNpp
of the blue section of 7 are defined in the same manner as the previous argument. With
the assumption that E; (1 < i < k) goes to a line of j; levels lower than the line p; starts

from, the above argument works perfectly well to establish a bijectibn between G, and

Gm(p,n). 0

6 Lifted Motzkin paths

In this section, we shall show an analogous paths, enumerated by the Motzkin numbers,
the generating function of which is expanded along the z-axis and there is a variation of
the Chung-Feller theorem regarding the index of the absolute minimum of the paths (see

Theorem 6.5), as first indicated in [13] by L. Shapiro.

For convenience, the Motzkin paths are tilted so that the statistics concerned are

indexed by the z-coordinates. Let H denote the set of paths from (0, —1) to (m,0) with
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the up U step (1,1), the down D step (1.—1), and the level L step (1,0) that never pass
below the z-axis except for the initial step and let /i = |Hym|. For example, the paths
of H, are shown in Figure 5. Members of H,, are called the lfted Motzkin paths. Note
that the section from (1,0) to (m,0) of each path in Hy, is a (tilted) Motzkin path of
semllength m — 1. So Hy, is enumerated by the Motzkin numbers hm = em-1 for m > 1.
3 Markmg a unit length along the z-axis with an z, the generating function H for {hm}m>1,
glven by H = H(z) = X;m>1 hma™, satisfies H = zM = M

[ a0 [ /N | /N L/
(0,_1)}7 L ] E; w

Figure 5: the paths of Hy

Lemma 6.1 For0 < q < p— 1, the number of paths from (0,—1) to (p,q) with the (1,1),
(1,-1) and (1,0) steps that never pass below the z-azis ezcept for the initial step is equal
to [zP| HIH!.

Proof: Observe that each path from (0, —1) to (p, ¢) has a factorization UopuoU1p1 - - - Ugitq,
where U; (0 < i < gq) is the last up step that rises from line y = i — 1 to line y = 7 and
ps is a Motzkin path (possibly trivial). Hence the generating function for the number of
paths from (0,—1) to (p,q) is z9t* M9+ = HI*! Since the projective length of such a

path upon the z-axis is p, the assertion follows. , ]

6.1 The Taylor expansion

For 1 < n < m, note that a path in H,, intersects the line z = n at a point (n,%) for
some 4, 0 < ¢ < min{n,m —n + 1} — 1. Let ¢ = min{n,m —n + 1}. According to the
intersections with the line z = n, the paths in H,, are partitioned into a disjoint union of

subsets H,,;(n,z') fori=0,...,t — 1, where
Hm(n,i) = {7 € Hum|m passes the point (n,7)}.

For the two-color bisection of the plane Z x Z with respect to the line z = n, let v, ()

denote the section of 7 from the beginning to the line x = n, called the blue section, and
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let 47 () be the remaining section of 7, called the red section. Let H,,.(n,1) and Hf(n, 1)

denote the sets of blue and red sections for the paths in H(n,%), respectively.

~ Lemma 6.2 Lett= min{n,m —n+1}. Fori=0,...,t — 1, we have

(@) vimn, )] = [ ]H™,

(i) [Hh(n,d)| = [z™"{H'M}.
Proof: (i) follows immediately from Lemma 6.1. To prove (ii), note that each red section
~H(r) € Hi(n,i) goes from (n,1) to (m,0). If 4 () is attached with a down step from
(m,0) to (m + 1,—1) and flipped over the line z = m4l then it corresponds to a path

from (0, —1) to (m—n+1,1) traversed backward and such a correspondence is a bijection.
By Lemma 6.1, |H}(n,i)| = [z H™ = [x™ " |{H'M}. O

Theorem 6.3 The n-th Taylor expansion of H can be expressed in the form

n—1
H= Zhﬂi + £™(F(H)M),

i=1

where Fo(2) = S308 fai?', fai = [@"|H*Y, and t = min{n,m —n + 1} depends on the

index m of the Motzkin numbers {hm}mzn-

Proof: It suffices to show that hy, = [g™ " {Fa(H)M} for m 2 n. It 1s straightforward
that

b = |Hml
= D [Fm(n,i)]
= 3 ] )
= () (M)

= Y M),

as required. O

28




6.2 A variation of Chung-Feller theorem for Motzkin paths

Consider all paths from (0,~1) and (m,0) with the (1,1), (1,~1) and (1,0) steps. For
. each path locate the point of absolute minimum, say occurs at the line z = k. If there are
 at least 2 points of the absolute minimum choose the rightmost one. For instance, there
are 16 paths from (0, —1) to (4,0). The four paths with k = 2 is illustrated below. Note
:"?tha.t 'Hm is the set of paths with k = 0.

(4,0)

0.-1) l F ;

‘U Figure 6: the paths from (0, —1) to (4,0) with absolute minimum at z = 2

RELSE

Thebrem 6.4 The generating function for the number of paths from (0, —1) to (m, 0) with
the (1,1), (1,—1) and (1,0) steps the absolute minimum of which occurs at x = m —n

(1 £n <m—1) coincides with the remainder of the n-th Taylor ezpansion of H.

~ Proof: Let H},(m — n) denote the set of paths counted above. Note that the absolute
minimum of a path in H;,(m—n) is at (m—n, —j) for some j, 1 < j < min{n,m—-n+1}.
Lett= min{n m —n+1}. According to the height of the absolute minimum (along the
line £ = m — n), the paths in H* (m — n) is partitioned into subsets H* w(m —mn,j) for
j_=1,...,t,where ’

Hm(m —n,j) = {r € H:.(m — n)]| the absolute minimum of 7 is at (m —n, —j5)}.

For each path 7 € M2 (m — n,j), the section Om-n(m) from the beginning to the line
T = m — n either is a Motzkin path (for j = 1) or has a factorization Omen(m) =
."ODI#I"'DJ‘_lﬂj-l (for j > 2), where D; (1 < ¢ < j — 1) is the first down step that
goes from line y = —4 to line y = —i — 1 and 4 (O <k <j—1)is a Motzkin path. So
the generating function for the possibilities of 6;,_,(7) is 27-'M?. On the other hand,
smce the absolute minimum of = occurs at z = m — n, the remaining section ¢;_,, () of
x begms with an up step and has a factorization d7,_, () = U; ;v;+++ Ui, where U; is the
hﬁt up step that goes from line y = —i to line y = —i + 1 and v; is a Motzkin path for
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i=1,...,j. So the generating function for the possibilities of &,_,(m) is 2’ M?. Hence

t
Ha(m—n)| = D [Hm(m—n,5)|
Jj=1

= Y (™M) (e M)

= D (™ ™MHIM)([2"]H)

i=1
t—-1
= [ ) fasH M},
1=0

where f,; = [z"]H*"! and the assertion follows. O

By Theorems 6.3 and 6.4, we have the following variation of Chung-Feller theorem for

Motzkin paths.

Theorem 6.5 The number of paths from (0,—1) to (m,0) with the (1,1), (1,~1) and
(1,0) steps the absolute minimum: of which occurs at x = n (0 < n<m-—1) is equal to

hm, tndependent of n.

Inspired by the proofs of Theorem 6.3 and 6.4, a bijection p : Hp — H:(m — n)
(1 < n < m) is established immediately, which carries a path m = v (7))} (7) € Hn into
p(r) = v (m)vq (v) € H}(m — n). For illustration, the four paths of H, shown in Figure
5 are carried into the four paths of H;(2) in Figure 6 from left to right accordingly.

7 Some results for Schroder paths with flaws

As shown in Theorems 3.15 and 4.6, there are no Chung-Feller properties for large and :

small Schroder paths with flaws. In this section, a neat formula for enumerating large {

Schroder pdths with flaws is obtained and some asymptotic results regarding average

number of returns of paths are given.
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7.1 A fast enumeration of large Schréder paths with Haws

For enumerating large Schréder paths with flaws, we have

evaluated simply in terms of {rm}mzo0 and {8m}m>0.

the following formula which is

-

Theorem 7.1 The number of m-Schréder paths with n flaws 4 Tm — ZZZ‘ Sk—lrr.n—k) or

N 1 n
equivalently rm — 3 2 ke Thk=1Tm—k-

To prove this theorem, some interesting bijections between certain sety of paths are
established. Recall that R,, is the set of all m-Schréder Paths and R2(n) = | " R2(,n),

where RD(j,n) = {r € RnD Gm) € T}, Let Apn(n) C R, be the subset of paths that
contain at least one diagonal step in the segment from (0, 0) to (n,n) of the line y=z.

Lemma 7.2 We have

@) [Am(n)] = 3k sk-17m—s.

(i) [Rm(n) = [z™"{Fa(R)}, where Fo(2) = S7_, furz* and fae = [z RE,

Proof: (i) Note that each path in A, (n) contains at least one member of the set
{Dwmlk =1,...,n}. For1 < k < n, let a(k) S Am(n) be the subset of paths the
first diagonal step on the line y = z of which is D(k.)- Clear'ly, {ak)k=1,. . ,n} forms
a partition of An,(n). Observe that each path 7 ¢ a(k) starts with a sma| (k - 1)-
Schréder path, followed by D) and then another large (i, — k)-Schroder path. Hence
(k)] = s-1rmi and |Am(n)| = Tp_, la(k)] = S0, secir_y.

(ii) It follows from Lemma 3.13 and the argument of Theorem 3.15(1). O
That the sizes of A,,(n) and RP(n) coincide is proved in the following.

Theorem 7.3 The number of m-Schréder paths that contain at legst one dingonal step

in the segment from (0,0) to (n,n) of the line y = x is equal to the number of in-Schrider

Paths that rise from the iine y = n — 1 to the line Y =n by a diagonal step.
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Proof: Let A(n) be partitioned into A, (k,n) for 1 < k < n, where
Am(k,n) = {m € A(n)| either N(k,n) € 7 of Dy € 7}

We shall establish a bijection ¢, between An(k,n) and R2(k,n) for k=1,..., n.

For k = n, note that Anm(n,n) and R2(n,n) are identical. So ¢y is the identity map.
For1 <k <n-1andanypathr € Am(k,n), let D, denote the first diagonal step on the
line y = z of the blue section 47 () of 7. Then v (r) has a factorization Y (w) = uDyv.
Define a mapping ¢ which carries 7 = ~7 (m)74 (7) into ¢i(m) = vuDyy;t(n). Since the
blue section vuD, of ¢ () reaches (k,n) by a diagonal step, ¢x(7) € R2(k,n).

To show the ¢!, observe that the blue section v (7) of a path 7 € RE(k,n) can
be factorized as v, (7) = /u/Dxn), where 4/ is the section of maximum length remained
above the line y = z + n — k (without diagonal steps on the line y=x+n—k). Then
¢ (1) = w'DV/4;(7) is the required path. The assertion follows. O

For example, consider the case m = 8 and n = 6. In Figure 7, on the left is a path
m € Ag(4,6). The first diagonal step D; on the line y = z of r is labelled by 3 and the
blue section vz (7) (from (0,0) to (4,6)) is factorized as Y6 (m) = uDyv, where u = (1,2)
and v = (4,5,6,7,8). On the right is the path ¢(r) = vuDv§ (r) € RP(4,6).

12 13 12 13
10111 ‘ 10111
e ./ a4
7 8 // . 2 (4’
. 1
5 _/'/ 7 8 d
4 6
2 3 - 5
117

Figure 7: a path 7 € Ag(4,6) and the ¢(r) € RP(4,6)
Proof of Theorem 7.1: Let R:,(n) be the set of m-Schroder paths with n flaws. By
Lemma 7.2 and Theorems 3.15(i), 4.6(i) and 7.3, we have

Ry}l = [z™"{F.(R)R} (Theorem 4.6(i))
= Tm—[2""|{F,(R)} (Theorem 3.15(i))
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= m— [RE(n)| (Lemma 7.2(ii))
= Tm— |An(n)] (Theorem 7.3)

= Tm-— z Sk—1Tm—k; (Lemma 7.2(i))
k=1

where F,(z) is given in Theorem 3.15(i). This completes the 1;roof of Theorem 7.1. 0O

By Lemma, 7.2(i) and Theorem 7.1, we have the following result. A bijective proof is

also given.

Theorem 7.4 The number of m-Schrider paths with an n-flaw is equal to the number of

" m-Schrider paths without diagonal steps in the segment from (0,0) to (n,n) of the line

y=z.

7.2 The bijection

We shall give a bijective proof of Theorem 7.4, which is established in two stages.

“Let RY(n) = UPZiRY (k,n), where RY (k,n) = {7 € Rmn|N(kn) € 7} and let Bn(n) C
Rm be the subset of paths without diagonal steps in the segment from (0,0) to (n,n) of
the line y = z. ‘

First, we shall establish a bijection ¢ : Bn(n) — R¥(n). For 0 < k < n -1, let
Bn(k,n) = {m € Bn(n)| either Ny € 7 or Dinj € 7}. Given a path © € Bn(k,n),
the blue section ~,; (7) has a factorization v, (r) = uNyv, where N is the last north step
that rises from the line y = z +n — k — 1 to the line y = £ + n — k. Define a mapping
@x which carries 7 = v (7))} (7) into wk(m) = vuN;¥} (7). Since vuN; is a blue section
that reaches (k,n) by a north step, pi(r) € RY(k,n).

To show the o', observe that the blue section v; (r) of a path 7 € RY(k,n) can
be factorized as v, (1) = V/iW'Nkn), where y is the section of maximum length without
diagonal steps on the line y = x. Then w;'(7) = W/Nv/~}(7) is the required path. So the
bijection ¢ : Bm(n) — RN (n) is established with ¢|p,, (kn) = ¢k for k=0,...,n — 1.

For example, let m = 10 and n = 6. In Figure 8, on the left is a path 7 € B},(3,6).
Note that the point (3,6) is on the line y = z + 3 and that the last north step N that
rises from line y = z + 2 to line y = z + 3 is labelled by 5. The blue section 5 (7) (from
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(0,0) to (3,6)) has a factorization v (r) = uNv, where r=(1,2,3,4) and v = (6,7,8).
On the right is the path o(r) = vuNyd (1) € RY(3,6).

1516,/ 1511617
12113]14: 7 121301877 |
104, 104,
9 (3/6) 19 e
7 3/7(356) alsi i
6 3
4]s 2
3 1]~
2l i 78
1 6]~

Figure 8: a path = € B},(3,6) and ¢(r) € RY(3,6)

Next, we shall establish a bijection o : RY (n) — R% (n). Given a path 7 € RN (k,n),
the red section v} () (from (k,n) to (m,m)) has a factorization Y3 (™) = pnkBri - p1Eqpo,
where E; (n — k > i > 1) is the first east step that goes from line Yy = x + ¢ to line
y =2+ i—1. On the other hand, the blue section 77 (r) (from (0; 0) to (k,n)) has a
factorization v (1) = 1Ny - - Up_kNp—k, where N; (1 < i< n — k) is the last north step
that rises from liney =z +i—1toliney = z + i. In order to establish the bijection,
form a new section v, (n)' = NovyNj1s -+ - Npp—g—1 Vi from ¥y (7) (with Np_x moved to
the beginning and denoted by Ng). Moreover, let 7 be thé section of path obtained from
v; by flipping over the line y = z. Define a mapping o, which carries 7 = Yo (7)Y ()
into , _

k() = pir—kEnkDn-kNpok=1" - - 111 E19, Nogso.
Note that the blue section 4, (x) of 7 are partitioned into the blocks En—klin—tNn—r_1,
..+, E1hNp (under the line y = z) of ox(r). Hence ok(n) € R..(n) and a mapping
o : RN(n) — R:(n) is established with alnﬁ(k,n) =orfork=0,...,n—1. In order
to show the o~!, we only need to reverse the procedure. With the composition o o ¢, a

bijection between B,(n) and R, (n) is established.

As an example, for the path 7 on the left of Figure 9, the red section Y& () (from
(3,6) to (10.10)) has a factorization Y& (7) = usEspsEausEipg, where E; = 12, E; = 13
and E; = 16, and p3 = (9,10, 11), y; is trivial, g, = (14,15) and po = (17). On the
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other hand, the blue section Ys (7) (from (0,0) to (3,6)) has a factorization v (7) =
viN1oN2v3N;, where Ny = 1, N2 = 2 and N3 = 5, vy = (6,7,8), v, is trivial and
vs = (3,4). For v (r) = NoNieNovs, N = Ny = 5. On the right is the path
o(m) = uaEalsNapsEaDaN; i E1 D1 Noo € Rig(6).

N
~5}

15!16,/ /
12113]14 <5 ]
10 y / iR
36) 19 ' 15,71 |7
415 // 1417116} 6
3 13]1
2| 1.7 P
1 A1 |4
78 N AVIE
3 I 9"

Figure 9: a path 7 € R{)(3,6) and the o(7) € R},(6)

7.3 Statistic numbers of returns

By Proposition 3.11, the number of large n-Schréder paths with at least one diagonal step
on the line y = z and the number of small n-Schréder paths share the same generating
function S. For the former case, such a path must either be empty, or start with a small
Schroder path, followed by a diagonal step on the line y = z and then another large
Schroder path. Hence S satisfies the functional equat‘ion '

S=1+4+zRS. (7)
Moreover, by R = 2S — 1, we have
S =R -zRS. (8)

In the following, we consider the statistic number of returns of large and small Schréder
paths by a similar argument used in [6, Section 7]. A return (to the line y = z) of a path
occurs whenever there is an east step that goes from line y = z + 1 to line y = z. Define
X3 = {(P,7)|P is a point on the line y = r and 7 € S, passes P}. Counting the set X5,

note that = has a factorization 7 = uiNvEw,, where E reaches P, v is a large Schroder
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path and p;, i, are small Schroder paths (possibly trivial). So the generating function for
the total number of returns of all small n-Schroder paths is

S(zR)S=S(s—1)=s2—s:S+;—f"l—s,

where the identity 225% = S+ 25 — 1 is obtained by substit?uting R with 25 -1 in (7).
Since | X7| = [¢"]{£4£2=L — S} = L(sn41 — sn), We have the following result.

Proposition 7.5 The total number of returns of all small n-Schrider paths is 1 (sny1 —

Sn)-

For the case of large Schréder paths, count the set XE of ordered pairs (P,m), where
P is a point on the line y = z and 7 € R, has a factorization = = p1Np2Eps such that
E reaches P and py, 2, ps are large Schréder paths (possibly trivial). So the generating

function for the total number of returns of all large n-Schréder paths is

R(xR)R:R(R—l—xR)zRQ—R—:ch-—-F;a:%i-R—(R—xR—l),

where the identity zR? = R— 2R — 1 is obtained by substituting S with 1(R+1)in (7).
Since | XF| = [z"]{&=E=! _R— (R~ zR—1)} = rpy1—3rn + Tn-1, We have the following

result.

Proposition 7.6 The total number of returns of all large n-Schréder paths is 4 —3r,+

Tn-1-

As a generalization, an ertended return of a large Schréder path is either a diagonal
step on the line y = z or an east step that goes from line y = z + 1 to line y=z. For
example, the path shown in Figure 10 has 4 extended returns. 4

Let Xf be the set of ordered pairs (P, ), where P is a point on the line y = z and
m € Ry, passes P. Since such a path = is factorized either of the form 7 = 11Dpg or
7 = p1NpoEps, where P is the end point of D or E and p,, o, us are large Schréder paths
(possibly trivial), the generating function for the total number of extended returns of all

large n-Schroder paths is

R(x+xR)R=R2-R=£_xTR:1—R‘

Hence we have the following result.
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Figure 10: a Schroder path with 2 returns and 4 extended returns

Proposition 7.7 The total number of extended returns of all large n-Schroder paths is

Tat+l — 2Tn.

The average behavior of the statistics |X3|, |X[F| and |XR| can be estimated by a
result of Flajolet and Sedgewick [10, Theorem 4.4]. From (6), note that R and S have
the same dominant singular point 3 — 2v/2 and the asymptotic growing rate of the large

(or small) Schroder numbers is

. Tntl oy Smy1 1
lim = i S = s TR

To find the expected number of returns, divide the total number of returns by the total
number of paths. It follows that

3n+1_sn_)(3+2\2/§)—1:1+\/§’

B(XS) = 25

n "311. n— ,
BxE) = mH=TrElml L giave) -3+ (6-2v) =3,

BxR) = =T g2vE) -2=1+42V2
In [6, Section 7], Deutsch and Shapiro obtained that the expected number of returns of
a Catalan path of semilength n is fﬁ, which approaches to 3 as n gets large. This result
goes back to Dershowitz and Zaks [5] who dealt with plane trees. Note that a Catalan
~ path is simply a small Schréder path without any diagonal steps at all. The average
behavior of the various statistic number of returns of paths with/without diagonal steps

are summarized as follows.
Theorem 7.8 The following asymptotic results hold.
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(i) The expected numbers of returns of a Catalan path and a small Schrider path ap-
proach to 3 and 1 + V2, respectively.

(ii) The expected numbers of returns and extended returns of a large Schréder path

-

approach to 3 and 1+ 21/2, respectively.

8 Conclusion

Based on various partitions of the plane Z x Z, we introduce the concept of combinatorial
expansions of generating functions for lattice paths, and cut short our discussion to a
two-color bisection of the plane with respect to a line. In the illustrative examples, we
restrict attention to the Taylor expansions and flaw expansions for some familiar paths.
However, the expansions do not have to be confined to the two-coloring or the bisectioné
of the plane with respect to a line. It admits generalizations of the expansion to multi-
coloring of the plane with respect to parallel lines or curves (e.g., elliptic or hyperbolic,
etc.).

The cut-and-paste techniqﬁe is helpful in establishing bijective relations between ex-
cursions and bridges. In similar fashion, corresponding results can be found for other
combinatorial structures, e.g., trees, pattern-avoid permutations, non-crossing partitions,
tableaux, etc. For example, in the two-color modelling, the Taylor expansions for plane
trees can be interpreted as an assignment to the alternative color afterward when the
tree is searched to a given number of marked elements (e.g., edges or vertices, etc.) and
the flaw expansions for plane trees can be simply interpreted as a two-coloring of the
branches of the root. Moreover, the bijections between excursions and bridges not only
induce identical distributions of certain pair of statistics for excursions and bridges but
also provide evidence to the identical distributions of the corresponding pair of statistics
in other combinatorial structures. '

As a striking example, the Chung-Feller phenomena for lattice paths can be explained
in terms of expansions. Even for classes of paths (or other combinatorial structures)
without Chung-Feller property, we can make adjusted version of important statistics equal

(by assigning appropriate weights as shown in the remark after Theorem 4.6). This
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slightly artificial maneuver has the effect of bringing together the Taylor expansions and

flaw expansions.
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