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Abstract

In this paper we use k-trees to obtain generating function identities involv-
ing generalizations of Catalan Numbers, Central Binomial Numbers, and Fine
Numbers. We give examples to show possible applications of these identities
and show that the ratio of generalized Fine numbers to Catalan numbers is

asymptotic to '("c—ikT)-g
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1 Introduction

In their recent paper Deutsch and Shapiro [1] listed functional identities in-
volving the generating functions C(z) = b;_ﬂ of the Catalan numbers,
B(z) = W%-Tz' of the central binomial numbers, and F(z) = %;:\/ii; of
Fine numbers. In this paper we obtain similar identities involving the gen-
erating function C = C(z) of k-trees [3], B = B(2) of the analog of central
binomial numbers, and F' = F'(2) of generalized Fine numbers.

A k-tree is constructed from a single distinguished k-cycle by repeatedly
gluing other k-cycles to existing ones along an edge. More than one cycle can
be glued to a non-terminal or internal edge. For example, we obtain the three
3-trees shown in Figure 1 using two 3-cycles and the twelve 3-trees shown in
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Figure 1: The three 3-trees consisting of two 3-cycles.

Figure 2 using three 3-cycles.
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Figure 2: The twelve 3-trees on three cycles.
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k-cycle

Figure 3: Recursive construction of k-trees.

Remark: k-trees generalize ordered trees (rooted plane trees) in the sense
that ordered trees are 2-trees in which edges between nodes are drawn as
digons or double edges.

1.1 Generalized Catalan Numbers

Let the generating function of k-trees be

o0
C(z) = Z Chn 2"

n=0

where
Ch,x = the number of k-trees with exactly n k-cycles.

If we begin with a distinguished k-cycle and construct an ordered k-tree recur-
sively by attaching another k-cycle to one of the k edges of the distinguished
k-cycle as shown in Figure 3, we obtain a functional relation
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where 1 counts the empty tree consisting of only the distinguished edge.
Rewriting
C(z) =1+ 2C*(z)
as
u(2) = z(u(z) + 1)*, where u(z) = C(2) — 1,
and applying Lagrange Inversion Formula [7] one obtains:

["]C*(2) = —* (kn+s).

kn+s n

If we let s = 1, we obtain sequences of numbers given by

Cor = 1 kn+1 Y\ _ 1 kn
Ly T} n Tk=Dn+1\ n

and these sequences of numbers count the number of homogeneous ordered
k-trees consisting of n k-cycles, which we refer to as the generalized Catalan
numbers. It is shown in [4] that Cy, x also counts the number of lattice paths
from (0, 0) to (n, (k—1)n) with unit east and north steps not crossing the line
y = (k — 1)z. This fact will be used later in this paper.

1.2 Analog of Central Binomial Numbers
Let o
B(2) = ZB,.,kz"

n=0
where

B, = the number of k-trees with n k-cycles in which
exactly one edge in the whole tree is colored red.

A functional relation
B(z) = 1+ kzB(2)C* "1 (2)

can be obtained recursively as shown below.
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Figure 4: Recursive construction of B(z)

It is very easy to see that B, ; is the total number of edges in k-trees with
kn

n k-cycles and thus B, ; = n



AN

Figure 5: Recursive construction of Fine trees.

1.3 Generalized Fine Numbers

The Fine numbers F, are the the coefficients of 2™ in the Maclaurin series of

_ 1-/1-4z
F& = =y

The first few terms of the Fine numbers are 1,0,1,2,6,18,57,---. The Fine
numbers have many combinatorial interpretations [2] and they enumerate,
among other things, the number of ordered trees with n edges that have even
degree at the root. Using this analogy with k-trees, let F;, x be the number
of k-trees on n k-cycles with even number of cycles glued to the distinguished
edge. A functional relation for its generating function

F(z)= iFn,kz"

n=0
is obtained recursively as shown in Figure 5.
F(z) = 142°C**D 440D 4 8¢8¢=1 4 ...

1 . C
1—2202k-1) 1 + zCk-1

2 Identities Involving C(z), B(z) and F(z)
Using the functional relations,

(1) C=1+ZCk=ﬁm
(2) B=1+kzBC*!
(3) F=imgmn

(4) F=1+—zgm 3 C='1—_—;ITFC-;E-_-§ ) C—F=ZFCk_1



and simple algebraic manipulations, we obtain the following additional gen-
erating function identities:

(3)
(6)
)
(8

(9)

(10)
(11)
(12)

(13)
(14)
(15)
(16)

— (o} — o}
B= 1—-(k—1)2C* T k—(k-1)C

0 = rogrr (1+520%)
C' = BC*
(2C)' = C(1+ 2BC*™1)
= B(2C - B)
£ =1+ (k-1)zBC*!
kB =C(1+ (k—-1)B)
1+C = (2C*2 +2)F
2(2C*~% 4 2)C*~2F?
—(1+2:C)F+1=0

= (k+1)zFBC* '+ F
F+kBC = (k+1)BF
B’ = kB3C*?

F' =2:BC*~3F?

For example, identity (7) is obtamed by taking the derivative of (1) and rewrit-
ing identity (2) as B = W

C' = C* + 2kC*1C"

r 1 k
® 0= l—sz;—iC

& C'= BCk.



Below we give supplementary results that will be helpful in the application

of the identities listed above.
Lemma 1.

ny s kn + 3
i@ B = ()
proof: We know that the total number of paths from (0,0) to (a,b) is (°}?).
To verify this lemma, consider lattice paths from (0,0) to (n,(k—1)n+s) in
the plane. Given any such path we can split it into two subpaths at the point
where the original path visits the line y = (k — 1)z for the last time as shown

below.

Figure 6: An example of partition of a path into B(z) and copies of C(z)

The first part is counted by B(z) [6] and the second part is counted by C(z) [4].
The path that is counted by C(z) can be further subdivided up to s Catalan
paths. Hence the generating function of the number of lattice paths from
{0,0) to (n,(k — 1)n + 8) is B(z)C*(z) and

)BEe ) = (F7F )D

n
Lemma 2.
s L8 ok —1)i [ nk+s—2i
E1o @R =3 SRR ()
proof:
IR = (6 —mems)

) L2
- [zn] Z z2tCa+2(k—l)t = {zn—2t} Z Ca+2(k—1)t (z)

i=0 =0

and the lemma follows from the result in section 1.1



3 Applications

3.1 Enumerating Edges of Odd Degree

Let Oy« be the total number of edges of odd degree among all k-trees with n
k-cycles, and let O(z) be the corresponding generating function, i.e.,

0z) =3 Ons™.

n=0

Observation: All non-distinguished edges of odd degree in k-trees have even
outdegree.

o The generating function for the total number of edges of odd degree at

level I = 0 among all k-trees is

2CF " (z) + 2203 V() ...

2C%1(2)
1 — 22C2(k-1)
2C*" 1 (2)F(2)

o The generating function for the total number of non-distinguished edges
of odd degree at level 5 among all k-trees is obtained recursively as shown
in Figure 7. In addition to the five Cs shown in the figure, we can attach
two Cs at each of the five non-terminal edges of the unique path. Hence,
the generating function for the total number of non-distinguished edges
of odd degree at level 5 among all k-trees is 2°2°C'®(2) F(z). In general,
the generating function for the total number of non-distinguished edges
of odd degree at level I > 1 among all k-trees is

(k — 1)} ZC* (2)F(z).

Hence the generating function for the total number of non-distinguished edges
of odd degree among all k-trees is

f:(k - 1)'ZC*(2)F(2)

=1
_ (k —1)2C*(2)
= T—GoDC @ ?

= (k-1)C*"'(2)B(2)F(2).

Combining these two cases we obtain:

O(z) = 2C* '(2)F(2)+ (k—1)C* ' (2)B(2)F(2)
2C* Y (2)F(2)(1 + (k — 1)B(2))
kzC*%(2) B(z)F(2)

ko) F(z) +
F+1 k+1

2B(2)C*1(2)



Figure 7: The unique path of 3-cycles to a terminal cycle at level 5.

Therefore, one obtains the total number O, i of edges of odd degree among
all k-trees with n k-cycles very easily using lemma 1 and lemma 2 to be:

2

k
F+1

Oni = [2""1] (—k-C"_2(z)F(z) +

I B(z)C"'l(z)) )

For example, the total number of edges of odd degree among the twelve 3-trees
consisting of three 3-cycles in Figure 2 is:

=3 (3H(1)+5(2))+3(2) -

3.2 Enumerating Edges of Odd Outdegree

Let Uy, be the total number of edges of odd outdegree among all k-trees with
n k-cycles and let

o]
U(z) = Z Un,ez"
n=0
be the corresponding generating function.

It can be seen very easily that the total number of edges of outdegree 1
among all k-trees with n k-cycles is

n[z"] (zc"-‘(z))

Formal Power Series Fact: If the generating function of a sequence {ax}n30
is g(z), then the generating function of the sequence {nan}n.>0 is zg'(2).



Hence:
n[z"] (zCk_l(z))
= ["1(z (zc"-l(z))')

Similarly, it can be shown that the total number of edges of outdegree
2m +1 (m > 0) among all k-trees with n k-cycles is

n [2"] (z2m+10(2m+1)(k—1)(z))

(z2m+1 C@m+1)(k-1) (z)) '
2m+1

Taking derivative and applying identities (5) and (8) we arrive at
[2"] (z2m+1B(z)C(2m+l)k—-(2m+2) (z))
Therefore,

2B(2)C* %(2) + 2°B(2)C¥**(2) + - -
= 2B(2)C* %(2) (1 +220%72(z) + - )

_ 1
= zB(z)C* () (Tzcw:ﬁ‘(z)
= 2zB(z)C*%(2)F(z)

= %Hzck_z(z)F(z) + -k%zB(z)Ck_l(z)

U(z)

4 Asymptotic Result

Deutsch and Shapiro showed in [2] that

lim B _4
=3

n—=oo Oy

This follows from the identity
1+C=(2+2)For Cn=2F, + F,_;.

In our case, identity (11) has extra term for k > 3 that prevents direct appli-
cation of the Deutsch/Shapiro technique to obtain the expected asymptotic

result for g—:'f as n — oco. However, we obtain the asymptotic result using

the expression
L& 2(k—1)i { nk—2:
=3 e (W)

=0



which follows from Lemma 2 by letting s = 0 and

1 nk
Crie = (k-1)n+1 ( n )

and it can easily be shown that

i L 2i(E—1) (nk - Zi) _2i(k—1)?

no00 Cpp nk—2i \ n—2i k2i+1
Hence
© oir1 12
i Fn,k — Z Zz(k ) 1)
nooo Cp ko k2i+1

i=1

2k -1)2 o i

k3 th—
o 2k— 1)2 k“
= %3 (k2 _ 1)2
_ 2k
(k+1)%

Thus we have the following result.
Theorem 3.

- Fn,k 2k
lim ——
n—=oo Up k (k +1

5 Remarks

)2 for k>

im Fnk oy (26— (nk—2) 1 4(k-1) (nk-—
n—00 Cpg n—oo |Cop nk—2 \ n—2 Cor nk—4 \ n—

9+]

1. For a fixed k one can also use Zeilberger’s creative telescoping algo-
rithm [5, 8] to obtain a recurrence relation for F, ; that leads to a quick

evaluation of the limit. For example, if £k = 3

R 4 (-2
3n—2z n—2

satisfies the recurrence relation

FratdFns = 5 S imv 1) Zn+l

Using this relation and the fact that

lim Cotik K
N e (T

(Tn> +10n+3)(3n) 1 (3n).



we obtain
F.: 3
lim == .
n-+oo Cp 3 8

confirming the above result for k = 3.

2. We showed in section 3 that the number of edges of odd degree among all
k-trees is a multiple of edges of odd outdegree, specifically, O, x = kUn k.
It is interesting to obtain a direct combinatorial 1-to-k mapping from
edges of odd degree to edges of odd outdegree among all k-trees.

3. We were able to obtain analogs to sixteen of the seventeen identities
listed in [1] with the exception of

1 2

An attempt to generalize this particular identity using k-trees, the analogs
of central binomial and Fine numbers introduced in this paper leads to
a complicated equation. We leave it to the reader as an open prob-
lem to obtain a concise analog using suitable generalizations of Catalan
numbers, central binomial numbers, and Fine numbers.
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